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Chapter 1

Mizar DHEEE

Mizar & 1%, Uy ¥ UKFEGR—T > RO Andrzej Trybulec Jo/4E % H.0 & L 72 Mizar
Society ICL > TTTHOLNTND, Frrarta—Fz2lio Tz ny =
ROWFETT. Mizar 7P =7 ML, v Ea—Z &> THRFERRT 57 0I2/E
B A7z Mizar SREIC K > THEFOREH Z5ik L, 4% IBM-PC L CTEIfET 5 Mizar 7
N—=TF o N—IZEXoTFzv 7L, TN%E Mizar 74 77 VIR THZ LTk o
TTonET. Zo7rY=7 FOANITEFEOMLDT =y 7 DV AT LEEL L
T, Mizar TiX, BFEOFEZFR L7727 ¥ A D Z &% article & WO ET . izl
article # £#< £ X (2L, T CTIKT =y 7 STV T Mizar 74 77 VIZHEEEINTWD
Z< Darticle 2T HZ LR TEET. £LT, £ article N\ T4 Mizar 7 A 7 7
VIZBERS NI & ZITIE, ENEMO article P52 &b TEET.

article 1Z, BRBI¥L (environ), AAEE (text proper) (243 7vMCH Y, BREEETIX, T
article ([ LBk 2 I B BEaR E A RCib L, AREE CIFGEH AR ZTLR LE .

article I% Mizar S3BIC & - TRl L 7. Mizar 53513, HFO— M2 ORIk
DLz b LI L TWETD, Mizar MFEFOZFEZ T HY, ZHUIZHOWTITEZR THEL
<FHBILET.

Z 2 TClE Mizar §58, Mizar 7/V—7F = v H—, S HIZMizar 70V =7 MIDOWT
AL £






Chapter 2
Mizar SEDHEIE

W

Mizar S5E1E, A Ea—F 2o TH PO Z LR T 270D FFETT. T,
AE 2 EL L X OES FIZ LR > TEL L 51T, Mizararticle #3E< & X213
Mizar 535 CENR T £H A, BUF Tl Mizar 5354 Mizar I L E 7

Mizar TIZ—fM7e7 A¥—a— FEEHLET. @HERTLCFE, BE, ®7,
RETCT. £, HPORSE MRNRT AX—F v T X EMAbOERY, L
DEEIHLDOLH Y £

F£72, Mizar TlE, EFORLFE/NLFIFXFISNDZ LICEELTIEZIN. A
L, article #72 &, MS-DOS D7 7 A V4272 > TD b D% article 2Rk d 554,
VP RILFTEESET. ZOLHE8LFETORRNE, i, _, ' TEXET.

WFOE EE L XIL, "LERST, EH, ER, G R EOSEERHE
9 £ 51T, Mizar THZAUKHIGT D25 HEEM > TRIBR LET. T bDOFHEILTHIFE
2725 TCWET. Mizar DV AT LE LT, & or, not Dimfl, =&, All,
Exist ORFERILIIRM N B> TWET. S HIZ, Mizar TILHS O3 (article) |2,
Mizar 7 A 77 U 5 HHIZ functor (BIELECL ), predicate (B iEmEl) /e & DEFE, THE
ZGI M LEEAZED TWE £970, TOEAL RS D7) HIDDEN.ABS ([CE 2L TV
FT. Z2ICEMNTND LT, FREAEE L CERR L TROTWET. Tk
FIMLTEE S EREHMENNTNT Mizar 74 77 U ZRER L TOET. —H0
izl article # FHELS GG, &AINO T AT Ko > T2, TARSKIZ&2 &% b
ICLTHRTWD - SAOEREZSIH L TRtk L Tn& 9

2 —RHT 72T functor LR A EFRK T DA, € O functor 72 £ % vocabulary file |2
ek L, article DT functor Z ERX L ET. ZDLE, THEE ST FLCARIO



functor [FEFKT D Z LIFTEEHA. BIRIZRERD LOTZIZOWTIEE 6 FEFR TRl
BILET. £/, HKIC Mizar TRIGE—BRDBH D ETOTERLTIZS 0,

Mizar D> 27 Lo o T Him Bl & B EERR BRI DWW TR L £ 9. Mizar Ti3kk
A7 EE, &, or, not, implies, iff 295 Z N TEEIHIZIE, &

A =B & B=C impliesA = C

A& (Bor C) iff A & B or A & C

EELIENTEET. & TFHAoTORE & vy, XL DEROLE and
PWETEZ, implies X 7 Z2biE’ , iff X ifandonlyif ~ [FME , #FL
F9. BFERIETTA, ROXIICEMFL T AR LS Z &N TEET.

for x st f[x] = b holds g[x] = c;

i

T, @E ORFERHEOFIE TITROAEZR L ET.

(Vz)(f(z) =b= g(z) =c)

UL, EEOxIZONWT, f(o) =b7ebiXg(n) =ctWVWHIERTT. f(2)= b &
T L7, TRTOzIZONT g () = cBRVET D EVDH 2 & T
B, fix], glxlEFx ZHATEREE NI ZET, TV FIENTV AT LTH
DoTWLHDITTIEHY £HA.
wIZ,
ex x st f[x] =b & g[x] =c ;

LELINIT

(32)(f (x) =b and g (x) =c )

EEWLET. 2F0 flo)=b02g(2)= c&RDaDFETDHEVIEHRTT. F
72, M EEFELEZRMELTHEY 2L b TEET.



for x ex y st f[x] = a & h [x] =1 [y]

g,
(Vz) (3y) (f(z) = a & h(z) = i(y))

ARLUET.

FEIMNIEEICHE D Z 2SN TWET. AR MERNE ETYH, DN
FTLTDHOICFRIMNEE ) Z LN TEET.

2%, Mizar DT A7 A2, MS-DOS it Linux i3 VW £3. & HITAERIICIE
Linux il7Z2 D T4, Web X—U b HBICHZ b0 H Y 9.






Chapter 3
Mizar article D1ERL

3.1 &g

WKIZ article DAERKIZ DWW TR L £9°. article 1%, BREZES, AEED 2 O30 6
720 F3. BREEEIT environ THEEY, ¥l oo TRDOY £9. AEKEIL begin T
WBEY, EREZITEIar T HL, KAbegin ZW < DNAILTARKE Z )< D)
IZ3THZ b TEET. ZIUTMLEHITHT L2 ZLITHE LET. %IZB~5 BIB
77 AMZ, BOARTEENTEL &, RICHEOHER OB ABHER I N &
X2, begin DAEICEIOLBINEZAETNET.

environ

BRBEHD
begin

AARHET 1
begin

NN )
begin

AARER n




3.2 IRIZER

FPREMICOWVTHA L E 9. BREIICIE, £ O article CHULEARBRBEREZITVE
. BREICIZZ O article 2355 &%

TANAEEEES LET.

BREBIIR D X O RIEA NS> TWET.

, EH, F721% vocabulary 23 % % article D 7

environ
vocabulary EEEE R
notation R
constructors - - - ;
definitions - - - ;
theorems sy
schemes L

requirements -+ -+ - ;

BEHOTOFENFNOHEBEIZOWTCHAL £

3.2.1 vocabulary &

vocabulary #8121, article ®H THEOIL TV 5 vocabulary DB Ek LTS
vocabularyfile (.VOC 7 7 A VYD 7 7 A V4 RILF-CTEEXET. 77 A NVADIET
IZEME L, D vocabulary file # EL HA T2~ () TRUl- TEX LT fTRICZ
tIavr(; )EEXET. 72, vocabulary HLUANA L T EFEIERICEX ET.

Mizar 7 A 7 7 U IZBER S LTV 5 article T S 41TV % vocabulary 238§k 41T
V% vocabulary file (X, 1 DDOFERIEAD T 7 A /VICTE LD LA TWET.

f# 9% vocabulary 238 4% S 41 CU 5 vocabulary file 2 #897121%, MS-DOS D =1~ >/
F7w 7 MERIZI Linuk D7 w7 BT

FINDVOC [vocabulary]

& LEJ. E7z, vocabulary file |28 8k STV 5 vocabulary &~ 2121

10



LISTVOC [vocabulary]

ELET.

1 HIDDEN.VOC [Z& k&N TLV3 vocabulary IZ DUV TIE, vocabulary ERICEMN S THEEIZENTEET.

3.2.2 notation 8. constructors &p

FLOEGREEDE, HWN(TA 77V FoWEEEZH N0 EERnH0 9. flziE
Function &7*Function-like LW IHOBEEZEWWELET. ZoLE, ThbD

FEIX FUNC.VOC &9 vocabulary 7 7 A WZEER S I TWET DT, vocabulary 3
IZFUNC IR ET. £, THHDOMEEIZ FUNCT 1 OFT(MIZ XiE ABS 7 7 A
NWYEZRSNTWETODOT, notation #BIZ FUNCT-1 ZMA£J. T LT, £ DHA
constructors ¥ 2 H FUNCT 1 #/1Z F 7.

il

environ
vocabulary FUNC;
notation FUNCT 1 ;
constructors FUNCT 1 ;

begin

reserve X for Function;

theorem X is Function-like;

notation 5 & constructors FDEDENTT A3, HD MIZAR D/3— 3 > Tl
signature i & WD DR 1 DT - T, MEFzITMESNTWE L., 22 oEEMO
PR IESE OBILR & 82 OWEDERED, T Ea—FOXAEVIIEAENELL. L
22 LHTEIXEE T 2003 L0 o7, AE U OHMOLOICEE SN -DTY. A
I constructors T AILD Z L2 £ L7z, Z0W, LV aENeiEEr o7 7

11



ANDRHIE, KD/NZIWHEEED 7 7 A LI constructors F7> HAME T, AE U OHi
KINTED LoD TT. HlziE, EOFHONDPYIZ,

environ
vocabulary FUNC;
notation FUNCT 1;

constructors TOPREAL1 ;

begin
reserve X for Function;

theorem X is Function-like;

ELTHT—IE®HA, > T TOPREALL A constructors #1248 5722 UH A5 T
WAEEIZIE, & ZIZ FUNCT 1 F AR TV TT.

B A3 notation # & constructors #7127 7 A WA ZINAIZ AL T &, e, £V
R—3 w7727 7 A )V % constructors S HEI o TAH L L BB A LV HMlcT 5 Z &
NTE, FAEULENTEET.

notation ¥§IZ 1%, vocabulary 7 7 A LI ENZ SV VARV EHEH LIEWES, Tov v
RANEZSN T WD article D7 7 A V4% ZZIZENTEE £9. article DEFHRH
(definition DAY )T, TDOV UV RADERMNITINARENTHET(EI WV T —
X2 AL BV OFODON, TOVUHRILVEHENE I W) T— RIZR5DN5E).

Bl 21E, article BOOLE & PRE TOPC IZIZEBLLIZHN (A ¥ —& 7 v a V)PRERS
NTWETEEEITHEER). LL, ZOYURLOEDNGTRNRR > TWDEOTT.

12



< article BOOLE > <article PRE_TOPC >

definition definition

let X,Y; let TP, P, Q;

func X /\ Y -> set means redefine

x c= it iff x in X & x in Y; func P /\ Q -> Subset of TP;
end; end;

BOOLE T /\ (NOZ &) 1%, TNHH set ZEKL, 7—F=2AL ML LTset
MR £
ZHUZX LT PRE_TOPC TOLHIE, HOHH % TP(FAR I VAL AR—R)D Subset
EL, 7—Fa2AL ML LTTP ® subset ZMHICFFH E T

INEffi o7 atticle 2 ZNNHEZ D T LHHE, Thi set & LTHEM LTI
notation #5{Z BOOLE & E X, TP @ subset & L7217 #UX PRE TOPC & FE 72T HITW

FEEA.

3.2.3 requirements &

requirements FB1E45 D E Z A ARYTM E W) 7 7 A VT A ES £9. ARYTM [XEITET
RAKBMEBIEZ D LT 27007 7 AL TT.
Bl 2 1,

132 + 24 = 156;

EV D O ARUTEH (by. .. )EDTTICE LR £, T ARYTM BIETY
(fEL 132 - 24 = 108 |[ZIFBEH DM E).
% 21,

environ
vocabulary REAL 1;
notation ARYTM,REAL 1;
constructors REAL 1;
requirements ARYTM;

begin

13



theorem 10+4=14 & 10+5=15 & 10+6=16 & 10+7=17;
theorem 10+10=20 & 1000+1000=2000 & 10000+10000=20000;
theorem 44 * 2=88;

theorem 2 * 1=2 & 3 * 2=6 & 4 * 5=20;

theorem 455£50;

theorem 45 < 50;

X/ —=7—T7. F®EH, REXLBEBHOICHBTINET. ARYTM I notation IZH A
NoHNTNWAZ EICEELELLE Y.

3.2.4 definitions &p

definitions ¥ CiX, FEAZ T HEEDOEFROYLE, FEOFAEHE (definitional expansion) %
AREIC LTEWEAIL, ZOERNBRINTND atticle D7 7 A VA EEE LT, HiIxIE,
x c= y ZiFAT 5L &, Va(a in x implies a in Y) ZiEATIUZ LWV O TR,
Z DEFEIT article TARSKI OHFIZLA T O L HIZEHZ SN TV ET.

pred X c= Y means x in X implies x in Y;

£ o T, definitions #{Z TARSKI &HFWTHEBITIE x o= v ZiEHT L L &,
a in x implies a in ¥ ZWHo TLFEXIE x c= y RSN Z L7 7.
i,

theorem X c=X \/ Y
proof let x be set;
assume x in X;
hence y in X \/ Y by BOOLE:def 2;

end:

14



3.2.5 theorems &
theorems 1 CiZ, article (25| AT D EE, EHRNENILTWD article D7 7 A V4 &
ExFT.

3.2.6 schemes &
schemes 8 Ci, FIHT D AF— 24 GEHADOA) OENIL TS article D7 7 A V4 %
EEET.

3.3 AIFER
3.3.1 X

WRICAIEE O Z UET. AEEIE, BRI 620, XOWATZLD T,
IR D X D IetiEa LTV ET.

L1l: A=B by ...;

L2: B=C by ...;

L3: A=C by L1,L2;
FL R 31 S

TV ER L (BT AT A0 2o ET. £, by .. OESEBIHERE
WY, FOREZEL DICHLER LD T~V AEXES. 5IHE, by ...TlE, 0
article 1D T ~JL LD article 25 DB HDO TNV EHREAHZ ENTEFET. Hlz1Z,

------------ by L1,L2,TARSKI:5;

LWV D 5D, FD article DT UTZEDE E, MO article 7>H DOF|HOBHAIE,
article % : 7 C9. FEERLZFIHT H5E, article 4 «def HFTY.
S HIZ, IOV I,

proof

15



hence thesis;

end;

EWVND 59T, proof ~ end TIEHIATLWS DONOXTIEAZSITHZ L H TEET.
ZOHE, TREERTISDORERILEHRZREET. ZDLZE, proof ~ end D end
DERFNIZIE thus H L<Idhence LW XEMEL LET. ZhiE, WEIEHZATT
WARPIORBZOXORIZE > TN TNET, &WWH I & TT. thus & hence D
HE T, hence IX then + thus 272> CWVET.

then [IZZ TR LOTHTEE LR, ERIOXNZGIHT L L EITHENWES. T

w5 L,

L1:A=B by - ;

L2:B=C by --- ;
Lo TWBHELET. 2L X,
L3:A=C by L1,L2;

EEIRDVIZ, 12 OXITERTOXTT NG, 13 OXOF|HEHNDS 12 280 RV,
then Zffi-> T,

then L3:A=C by L1;

EELENTEET.

then ZfE S BHIZIEL, TNNVOEERDLIXKFHEI L WVWHIZEBHV ET. 5O
5 CIHEROREZAT 5 2 ERERICEL S T, EROXEIAT 5L xIC
b, TV EDTT, by 70bETHE, L SADT IV ELEE LET. TTH
5, HATOREZSIHAT 2L X7 N EHo TESEEIDRLLMENTIEH D FHEANR,
then &EWHFNRRWDITTT.

F 72, article & Mizar 7 A 7 7 VIZBERT 5 & X2 5 article DB DT DF =
J7—(Chapter7 ZR) TF = v 7§25 L X2, iFFIFIELL TH ERRDO T L&~ CTE
CHRL, BT —IlZRoTLEVET. ZO=T7—RHDHERY, Mizar 714 77 VT

16



TGS ETHLLXEREANLD, RO EZAZENTIEWTRNnE NS Z LT,
then Wiz 25 & EIZIET L EMHEDRNT then 2 NVET. ZD7-®, proof ~
end D end DHEFIOXLT, TOHEAOXNEZFIHT S L XX hence ZfEVFET.

3.3.2 FEH

— BRI EH E ERE P LI L TR SN TWVET.
article C, EHAZEL L X2,

theorem TEHOX;

proof

end:

L, EXFET
IHELDLEEIZFED,

&

proof

end:

L, BEXOTIEEIEINE VI &, theorem EEL Z LIZEHST, Z2OAN

abstract file (ZEBE L L TR E 728D &) 2 LT, abstract file & (%, article 7> 5
theorem (EHLDR) X definition (EFDON) R EEEEIE LT 7 A LT

(.ABS 7 7 A JV) article &, Mizar 74 7 7 VIZEELT 5 & |21, article % abstract file
WL TREKLET. 82 s, R LT XTEHAT atticle (MIZ 7 7 A V)T, 7
TANDRESINHERIZIRS>TLEST, £2I065IHT26D% DT 5 DITKRET
MHTY. TING, sIJHLTE LNV RAEL & EITIE theorem 01 THE £

17



SR

article TEHZAEHL & ElZlL definition ZENET. R LVEELZERT D &
Dy, HTLOBEE EHRTH L EIL, ZDdefinition 2o CERLET. EFIZOW
TIFBRTHELHHALET.

D, theorem X° definition X proof ~ end DHIZEL ZLIFTEEHA.
RARAT A4 VT DO—F EOEREIZTTHES 2R TEES. DFED,

theorem ...
proof
theorem ...

proof

end;

end;

EELSZEIITEERA

ZDE ST, Mizararticle 1%, KE /0 TEREH & AR B0, R IT@E
WS OMDERE L EENLKY Lo THET.

F72, Mizararticle TIZ = : DIRRIZ = A 0 MZR YD £

18



Chapter 4
sEBA D 5%

4.1 EAXRWLGIAA X

AEADIHEIZOWTHA L £7. AEHAOGEE LTE, SSTEERALLL IS,

FEBA L 720

proof

thus (hence) ...;

end;

FERA L7 W2 FFF X, proof GEB), end; GEEY) ORIICFEEAZEE 7.
FERH D& DATIINT thus ... F7old hence ... THRDY £7.
p implies g EWOMAEZFEH LW E LET.

p implies g

proof
assume p; p ZHET D
thus g; q N7

end;



FPHEHALZVWRK p implies g #E X, proof,end; L EXET. proof [T
ar EDOFRLT, endiZiFEIavrEZ00FET. p THLIRDITgEWH I L%
FEATAIUIR VWO TTN, p EWoDiTInd 1 2OfmERIT/>TWHDTY. £,
assume p L EHEE p ZIREL, ETNND g B RED thus g TRERK Y T

WIZ, a=c PMRE ST, b=c implies a=b ZiFHAL7ZWLET L, kDL
20 FET. ARED a=c ITIT A: EWVH TULEDIFTEE 7.

A:a=c;
b=c implies a=b
proof
assume B:b=c
hence thesis by A;

end;

assume ... C ... ZRETHENIZ LRV ET. REHTHLZ L ERTD
7 C¥. F£72, hence ... [T hence DEATOA L hence DRDELHERN S Z DFEH
DEFBEDOXNNZIZE NI T EERLET. thesis S, A TREX LWV Z & TT

thus & hence b 9D LFELSHBALEL L D.

thus & hence [TREAF TEEVVE L7223, GEBT & A thus & hence BHHD D
T ONZFERFE O & TORMP SR D ZEE L SN THHIZR o TV E £
Bl 21,

theorem 3-1=2 & 5-2=3 & 6-3=3
proof 2+1=3;

hence 3-1=2 by REAL 2:17;
3+2=5;

hence 5-2=3 by REAL 2:17;
3+3=6;

hence thesis by REAL 2:17;

end;
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I¥ and TORN 5723 DOXDFEHATY . &AID hence T 3-1=2 MiEHA SN ELTZD
T, 5-2=3 & 6-3=3 VFEAT &AL EF. KD hence T 5-2=3 MFEP S E
L72DT, 6-3=3 DEMEINIGEATREXL 720 £9. FEAIC hence thesis T, 5%
D OESY (6-3=3) RETIE & NI Z L2720 £

728, hence IZFIIR L72 XL 912 then & thus ZflAEDLET-H DT, #ilxiE,

Al: A=B;

A2: B=C;

thus A=C by Al,A2;
EWVNI D,

Al: A=B;

B=C;

hence A=C by Al;

EETET.

4.2 BHEx

FLERLCZEEEHTHIC, 220V EFEHY ET. p implies g ZREA L
WeEEIZ,

p implies g

proof

assume p;

assume not q;

thus contradiction;

end:
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proof T, FHEZIKE LT assume p, © L TiEmaGELET. assume not q.
ZHLT, TN HENT thus contradictionGFJE). ZHUFHEEEE -2 &
2720 ET. p T q CRWVWEIRELLELFENELTZE WD) Z LI 9.

4.3 FEBHD B E

SERA DR B WA NABH Y F9°. TN EFFADO A 7L R E WD ET.
7221, pegeaer ZiFFAHLZZWE LET., 20L&, ROLDIZEHATAZ &
HHRET (ZOHIT 4.1 OB IRLIZARY 7).

P &g é&r
proof

EFTp BAEATE/LELET. £995& thus p &RV ET. £LFEHZKT T
thus q, S BIZFEA L CTWo T thus r. ZOHA Mizar DY A7 AL, thus ... %
BMLET. 2T thus B3 DB TTEET DT, HAID thus T T &M p
§ g & rDIBEDOp NFEATEZE W) Z EZ2FFRL, KRIZ thus g T2EH HEEHA
T AR LUET. BEIC thus r TTRCGEA SN L2 LET. KE
% thus thesis ¢ THZLEHTEET. ZOWE, VAT AT p, g IFFFAESN T
WTC, o TWADIEr 7217 T, r 2 thesis HEILET. 29 LT, thus
thesis (X thus r THDHEWVWI Z L@ L ET. LHb2zEFNTHENENEEA.
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FNND p & g s rEAEATLHEXIC, p ERICGEHAL, g & r ZRIZGEA L7
D, HHWE p ¢« qZEICHEHL, r ZRICGEHALTONEVERA. BHIZOHIL
TREAT B Z e TxET.

4.4 RMEDEER

WIZ p iff g (p© @QDIEADIES TTA, Ziidp implies g ZAEHL, £i
NH g implies p AR L FET. p iff glf, p implies g & g implies p & ¥
AT MIHERICHIRLET. TTND, p implies g ZWWET &, APHTEER L
T2 EIZ 0 ET. HEIIHBYOERASIT T, £9 L Cassume g C, thus p &72
S7DT, ZATp iff gV R LT 201 TT.

p iff g
proof

assume p;

thus g; p = q BRI

assume q;

thus p; g=p PN Tpe g

end:

4.5 now DFELVA

S OIZREHD A7 )V TR, not p ZREHT HDIZ, now 25> ZENH Y 9.
now XKD K H IZEVFET .
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now assume p;

thus contradiction;

end;

now |¥, now ~ end CT1 OO GuH) & A2 LET. ZDnow ~ endld, not
p ERLCHEDTT. HDHUWIL, assume p T, p implies contradiction &9 FwEl
T

4.5.1 end [ZDL\THEE

end IZOWTOHOEE TT A, Mizar T, proof ~ end, now ~ end 72 & T end
DHTET, FLEINOBRRAT 4 7R LTEET. end e SABHDE, £
MED end DONPHRL ST LENET. TT2D now ZENZH end TMFEROD
T, now HENED end ZTSICEVWTLEVWET. i, ZOHIZ=T 4 ¥ —TLE
A ELFRAL TOIFIXN DI TT. FRRIC, proof &FEWEZH, #47F end EHNT
LEWVWET. end 2T Z2ES LWV ZLEFRVWERDTELS EHEWTH Y FHA.

4.6 EWiEE

WRITRFEMBIZIZWV > TWE EJ. for x holds plx] & qlx]DFEBHZELET. 7
Bplx]Eldx 2GAERGEEVI BT, NE»o IR FINTWEDITTIEIH Y F
A

for x holds P[x] & Q[x]
proof

let x;
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thus Q[x]; (thesis)

BRELE for ITHTOEHEL LT let DV ET. let x &L LTHWT, thus
P[x] T, PEZAEHLET. EHIT thus Q[x]1 TQ ZFEAA L £

ZNPHEFELRTHE, ZHIECFRED> THENE0nEEA. #fl2iE vy 2o
THhENERA.

4.6.1 L 20HB5E
ZIINDIRDRRIZELIS 2 20 D56 TN,

for x,y st P[x,y] holds Q[x,yVy]
proof
let x,y;

assume P[x,vy];

thus Q[x,y]; (thesis)

end;

ZDOEIITEHE 2 OEXFT. HEMNIZIT, (V:U)(Vy)(P(:E, y) = Q(z, y)) % AIEBH
L7=2Z &2 £9. assume ....... 11 >oFEIC > TV ET.
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4.6.2 such that #fE-o1=-E=A
Fmh, I 1O0EXHFELTROILH>BLONRHY £

for x,y st P[x,y] holds Q[x,yVy]
proof

let xs,y such that L:P[x,Vv];

thus Q[x,v];

end;

72¥%, such that OH LI, SOHIFXTNVEANET(ZOFOEHE L ). £LT,
&ADITOIL st T, 34THIE such that TT.

4.6.3 XDHRE
ZOWVIRTILNURH Y F1

for x,y st P[x,y] & Q[x.y] holds R[x,V]
proof

let x,y such that L1:P[x,y] and L2:Q[x.y];

thus R[x,Vv];

end:

THNEROLIICEZHRZ 2L HTEET. BEELARTIERLR2VDIE & &
and DEFEWTT.

3MTH®D,
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let x,y such that L1:P[x,y] and L2:Q[x,vy];

let x,y such that L:P[x,y] & Q[x,v];

EWVND 5T, FECZEBTEET. AIOFEZH LEOFEHIFHEHMIZIZF L TT.
AIOFEZF D and 1F, BDOTXNVETZTHLEDIZ2DODNIFTHT2HDHDOTYT. 2
X, A2 s BEWVWI 1DODXZE, A EWVWHILE, BEWILEITHITIE NS Z LT,
FRICKILT, BOEXHIEH ETIOOLT, wIHHEFTORNR-TEHDOTT.
ZDXEHIZ, and BHST1I2OXE 2 OOLITHITY, WillekfioT2 20X %E 1
ODOXIZTHZ B TEET.

4.6.4 XD9DE| assume TDHE

such that BOEZIFHFOEFENTT N, TN ERZI T assume DFHIZHIEL DY
F9. 2L assume OHNZ, & S[x, yvIZIMAT,

for x,y st P[x,y] & S[x,y] holds Q[x,Vy]
proof
let x,y;

assume P[x,y] & S[x,vy];

L, ol LET.
DL x,

assume P[x,y] & S[x,v];
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assume that L1:P[x,y] and L2:S[x,vy];

EELCZELTEET. BOEXHIZB-T, Plx, yl& Six, ylDHFIZENZENIZ

TFAULEES ZERTEET. ZoFITIE L, 12 20D TULTT.

4.6.5 that DEDTE

that DEWFIZOWTWNET L, that DEIZIE then 295 Z N TE FHA.
L THhEWVID &, such that DBZIZ2OUL EOIRHH0H LILRWEE X B
HTT. 220U EOIRHAGEIEL, ERIOXLEWIDONIT-ETN LEFA. TTND,

assume that A and B:

then C;

WO EZHIFITEETA. LT T EfE-T,

Y

-
—

assume that L1:A and L2:B;

C by L1,L2;

IOV ST ENRNEWTEREA. HDHWE, B EITES & =T,

C by L2;

INETEXET. SIHN 1 DOEEICE then 1 IfEXLFHA. then TZ< by L2 &
ENRITRWNT ERHA. TTD that 32K T UL KRT VUL Z OIE 2 F

HA. that OBIZIIMNT TN EKDL EEZBNET.
that Z 22T 7UE then 22 F9. TT0dH, HIOEXT,

assume P[x, y] & Qlx, y]DHAIL,
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assume P[x,y] & Q[x,vy];

LS ZENTEET. that BN T, 120X LR WDITTY. assume D & =X
then ZfEVVET.

4.7 FFERE

SIHIZWANWARAT VR URBY £3. FEREFEE AT RGERHER ex x st
P(x] DFEBHD LIN7=TT N, ZDHA take E W) D &EEWVET .
take %fﬁ’)w@

ex x st P[x]

proof

thus thesis by L;

end;

CEXFET. PIAMIT x DNEETH LA T A L XIT, plal A S L
LET. §5H5¢ take a & LT, FETDHx LT, aZlioT< L, vickb5FEH
ANz Elchn £9.

4.7.1 consider D{ELVA

take EWDOEEL LT consider NH Y F9.
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(ex x st P[x]) implies for y st Q[y] holds R[y]
proof
assume ex X st P[x];

then consider a such that L:P[a]

LD ET. FF, assume LET. assume ex x st P[x];& LT, ZTIT
consider #ffi> T then consider a such that L:P[a]l& LET. ZOGLHE
such that WEETNG, FTAANRRNENWTEEAL. £2LT, ZH5LTBNT, &K
IZ fory st ...... 5 9 72)IT let v such that Q[y] & LT thus Q[ylNE X
EnnbiF Tt

consider &%, PIx]1 &I T LI x WHEET HLE, TOHFET D x I, 72l
MEALFZEZDEVIBEWRTY. EnbFET O xZ2WVWE 1 OFFEICLEL XD &
WO ZETYT. TINE, x TRETHNEVEREA. a THWWTT.

FETDa sl T, Z22TiHa NERLFADOLIITHEZXDDITTT. ETNFET
HELTHEDILTNDDIFTYT. TIDD consider IE take DT/ £, take

WEEA LG TNIRBIT A Z L, HFlELSFE Lo TR Z LTV ET.

4.7.2 given DELNA
D, b Lo L Bbott AL F YR D ET

(ex x st P[x]) implies for y st Q[y] holds R[y]
proof

given x such that P[x];
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let vy

assume Ql[y];

ZDOHT21THD given x such that P[x]; ? given % assume & consider %
by EEnd 51T TT.

given = assume + consider

ERATLIEEN. ZH0DHNPEHETT.

4.8 HZEHIT

WIZH AT CREAT 5 L 052 LET. FEHL72VWOILA and B &) Al
T, ZOMEITHESTTIULGEATE 5L LET. Hl2IE x=1 DAL x=2 OHH
&, x WEDMDEEZWMDEE LIZHITTREH LW E LET. x=1,2 TREAIZR -
TNHEVWHIZETT. ZDLXITTKRD L D Rt OfEEZ & D £,

L:( x=1 or x=2 or not ( x=1 & x=2 ))
now per cases by L;
case LA:x=1;

thus A and B;

case LB:x=2;
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thus A and B;

case LC:not (x=1 & x=2);
thus A and B;

end;

now per cases ~ end DT, TNENDHEITOWNT case o3 TAEA L £
T, case x=1 DOHRMYID thus A and B £ TT x=1 DL XDOFEHE LET. R,
x=2 DI, ZOMDLGHEIZOWTHIEHALES. T L E, now 22D end £ TOXIAE
KT12MDa and B AR LET. BlziEnow ~ end DHIT then & T 4L, then
IX now ~ end &K%EZIT 5D TT. case TENTNDOHAIZFT LN TOETA,
FNENDOGEDIREDE S & RAZIET DT T, TTnd, ThafkzglLize
Tl case IZHPNTEE VD ZEIXENTLES T, fmZdnafFE T Ens 2 &
NTF =y 7 SNHDITTT. ENLZUI1 50X ) 2 LTT. ok, LOXKD
72 UTFRERAICEA 532D T, now per cases by L @ by L [FR2THWLWDTT.

4.8.1 HENTDRIIE

ZIZTHEENRDHY E£T. ZOGEAIEL, x=1 or x=2 or not (x=1 & x=2) ---(1)
EWVIREGEZTT DL ETHMRE LTS TWET. ZOREGHITRTRTORS
EHEOTVDHENSI ZLEEVSTVEIDITTY. ZORITHEHTTH L L, T
TOHHEIZONTNoTWAHZ L ExEFbR IR FHA.

8, EOFIO X SIZ()RORNLAH B8 L Z121E, now per cases DD by
IARETT.

4.8.2 BEDITTOIN)L

RN OHEES T &2 LGERT 5 & &12iE, ZThEhoBE O TO 7 1,
LOHBEOHOHTORAHTT. b, ZOHEOIEHLUNTZDIERD T~ %
5 LdDL, TANBRVENIZT =LY E T
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4.8.8 SRILIZDNTDEE

Thpb, TITIVDOEZELTBEET. Mizar T, FICT7 - zfioTh
MEVWERAR, ERIOLONELRSNET.
Bl 21X,

...... by Ll; ZZ CIXHERAIO L1 B5IHINS

ZOFITHFER L7z & X Zby L1 & F5H&, TOLLOXNIHINET.

ZoZ EiFMEEWLT< L1, 12, 13, ...... TNV EDIFTNHST, FZFET
TRV EFEST-ONEENTLEY, £ 13 2070 LET. 2L T, by L3 &7
HE, BAOTIEHRIO L3I OOH D THUT L3 PoHEmRTELLESTH, W BHRoT
BT =N TTCECLEIDITT. ZOLIRIEZHTHIDIBIZEIIRD ET. 2
DEZFFESHT L, AMUTAARIOENTHDLIDOTT. HIVEDRID L ZAICH
HTEDRDY ET.

4.9 @proof MELVA

Mizar TR\ article #H N TWH E, < WXL Mizar Ty I—CFxzv 7352
LIV ET. BWarticle ZF = v 7 T DOIERMDB N £3. Zokokb X, B
WZRE DS DS T BB I3 TF = v 7 T5 2 LA THZ LI K-> T, Mizar F = v
I DR EifI T 2 LN TEET.

EHREDOF = v 7T 5D %EMET HITIE, proof Zeproof ICEXTEZET. =
IFTHZELIZKY, Mizar T = v I — 13 DOFEHEEZ T = v 7 LEFA.

HH A A article BTER LTC D, T XTDeproof (FHY FRANV2ITHIT D FHA.
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4.10 FLWLVEH D E A (Set,reconsider)

HLUWERABEANT 55,
set rl = r + 2;

DEITEEZET. ZHICEoTHLWERE r1 Z(r + 2) E L THATEET. £
DI (type) IE r WEHH ThHIE, FHRTR Y FTLUHEOXOT vy 72BN,
EE r1 ZHBEIMED 2N TEET (end K- TEDT vy 7 2T H L vl [T
NZ72 0 ET). MORRDH LUWERKEZFANLIZWRE, reconsider XERHEWVET.

reconsider nl = r + 2 as Nat by AZ2;

DINTEZXET. ZOHA v + 2 DHIREL (Natural Number) 2 L72 BB AHT 2340 321270
VET. 207y ORTREITAEN THAHZ LT set LEFEETT.

reconsider nl = r + 2, n2 = r + 3 as Nat;

DINT 2 DU EDOELAFRFHITEATHILH TEET.

4.11 take [TDULNT

4.7 HiOH#ED IR LT/ £T0, take IZOWTIVFELSHHALET.

ex r bring Real st 1<r-1

ZREHT L & &, ROLIICLET.

theorem ex r being Real 1<r-1
proof 1+1<3;then Al:1+1-1<3-1 by REAL 1:59;
take 3;

thus 1<3-1 by REAL 2:17,Al;
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end:

BREDOXDN(DDIE T

thus 1<3-1

EROTVHZEIZEBELTRIW. ZHUTEFIC take 33HDH72HT, ZhiTk-
TR DD DL T DTS EY BRL, BOFS 72T 2Tl v L
nET.

Ihzeb oD LEELCHENHT D L,

(Ix) (Fy) (f(x,y)) ZiEHAT 5 DIZ,

Proof ——-—-= —————- Z OB TORET_EZXT (Ix) (Ty) (F(x,¥))
take a ——--—-- ZOEMETCOIEATREXIT (Ty) (f(a,y))
take b ——-——- ZDOEMETOREAT &KX (f (a,b))

end;

EHIROD XD 7RFEHANTE £,

theorem ex r,s being Real st 1<r-1
proof take 3;

take 1;1<3;

hence thesis by REAL 2:17;

end;

2B, take LR THEZL DA, LD f(a,p) Il ZiEHTIUL, &EH
T =y h—2a b EHELT<NET. HlzITL,
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theorem ex r being Real st 1<r-1

proof 1+1<3;then 1+1-1<3-1 by REAL 1:59; then

1<3-1 by REAL 2:17;
hence thesis;

end;

OLEHIIZLTHLIVDTT.

4.12 hereby

FEBHH CfEDILD nereby IE thus + now &I[AI U TT.

(FdEe

theorem TT1l: (for x st x in A holds x in B)

proof

hereby let x; assume X in A;
hence x in B;

end;

thus A=A \/ A by BOOLE:35;

end;
TlX, (for x st x in A holds x in B) Df@ENETIEHIN T,
MmN OERMINET. BID,

now let x;

assume X in A;

hence x in B;

end;

36
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DEII, ED (for-—--) ERLTY. ZANETREHSND. L) 2 LT,

thus now ---

end;

L) K 91T thus 2 now DREIICODITFTHNET. i,

hereby ----

L HDTT.
OISR E LT, RO X S 7 hereby D WERH Y £ (ZUFEAZ ST A E T

Hp < BREEHTT ).

theorem AA2: x=y 1iff not y<>x
proof
hereby assume x=y;
hence not y<>x;
end:
assume not y<>x;
hence x=y;

end:

(x=y iff not y<>x)é:b‘5ﬁ%%§ki, (x=y implies not y<>x) & (not y<>x

implies x=y) &V IMBLFALTY. hereby THID (----- ) DRSS NFER ST
B0 By, i, %O (---—- ) DS EIT B DR, 720 ET

B2 IS E LT,
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theorem BB2: A=B
proof hereby let x be Any; assume Al: x in A;
thus x in B by TT1.Al;
end:
let x;
assume X in B;
hence x in in A by TT1;

end;

MNH EI. Tk, BEREEO definition #7512 BOOLE 23D Z LIZ2 K-> T, (a=B) I,
(A c=B)& (B c=A) AL EARINET. HIZ definintion HIZ TARSKI 238D Z & 1T
LT, Zhig,

(for x st x in A holds x in B) &

(for x st x in B holds x in A)

ERICERZEINET. ZORIZRIE, EOFID hereby TRtilR TEX B Z ENXn5D
TLX Y. EERICX ZOERZEOFOLIC, 200EAPRELNWILE2F O & XL,
X < hereby BMEbILET.
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Chapter 5

mode [ZDUVT

5.1 mode
KIZ mode (FE— R) IZDOWTDEEE LET. Mizar (ZiX mode & W HOENH D F5.

mode & 1E, Pascal (2 E 2 — X SiEDO—FE) R ETORI (XA ) ITHHETHHDT,

— B 72 mode & L Cidset3d VD £9. ZOMIZ{EEAIZ2 mode & LT Nat, Real 72 £ 73
HY, Flrax—F P mode ZTEFKT DI ENTETET. F£7- mode IZXDERIT set (T
T)DHIZ Real (EH)NRH - T, I HIZEDOHIZ Nat (HRE)RH D L) 59 ICEERE
WaRLTWEY. 2L T, functor 72 Eld mode IZHE/R L TWET. Z0Z &iF7 s

TIVIUEBRELTHET. el set & Any IZ[FILC &SN ET.

Nat
Real Integer
Function
set
Top Space

X 5.1 mode D)=

BlZIE, OLIBRFZEEZTHET. 22T + 1L Real ITOWVWTOREESN
TWhELET.

reserve A,B for Real;

C,D for Function;



D=A by...;

then C=D+B by L;

A,B M Real, C M Function ML X|Z, Cc=aA+B & D=2 PGSz LET. 2
TD=A tWHH & Cc=A+BIZRALT, C=D+B by L& THEBHELETT—IT720 £,
ESLThEVI L&, ZHIFRATELITTTTN, D& BlEmode 25E D HIFTT.
+E WV HBEFIT Real IZKF L TORAERINTNDDTH - T, Function (T DOWTIE
EFRINTWRWDIFTY. TTA D, unknown functor &\VW\9H LT —|Z72 0 7.

ZDOxTT =T D Dmode ZHLRT HZ LICK VMR T HZ LATE LT
Function T® % D & Real THH D Z LRV ZAUXN DT TT.

5.2 [EEEE

ST, MICE-272L 91T, mode [TIRD X 5 RREEHEEIZ/R > TWET. set 1T—
FINV mode T, HIZITZED TFIZReal, EHIZEDTIZNat DY T, Nat 25
set,Real 725 set,Nat 725 Real ERDDIFTYT. TZDOEXHIE, A7V =7 ME

A) 5 i (Object Oriented Language) D#5 X 5 LI CWET. MU EE, LOFIfH-T
W< bIFTT.

5.3 mode NDZEH

ZD XA, reconsider WD) EHEZM 5T, mode DEHL ZITUVNET(4.10 Z:HR).

reconsider U=D as Nat by ...;
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Z DX HIZ reconsider I2L 2T, Real ® mode THD D % Nat D mode THDH U
WCEETHZ ENRHERET.

5.4 SEBHR®D mode NEE

FEAFICEH O mode # BEETAHZENLLSHV ET. FFHDORT L E AT AD
FHinE s, #HlziEpco DIFFAT,

P c= 20

proof
let x be set;
assume x in P;

thus x in Q;

end;

DL xE,3{THTlet x be set; &L TWVWET.
be mode £

Tt I C mode #EE59T 52 TEET. bHAA, HBib > T reserve x for
set £ AHZ EHHkRET.

5.4.1 c= 2D\ THEE

F72, HEETTR, Mizar TIXCS OOV IZ c= ZHENVETR, c= 22 BIT c=D
HIf2IZ 1 DD AR—=REHITHMENH Y £
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5.4.2 ZERRIZ definition ZfE>TUL 54

Thrn, 22T, (Ve)(reP=2eQ) ZAEHILTWT, PCQZEFEH LD

FTHEHY EHA. WEOHWZITITHENEREN B 0 7.

L L ZAUEL 3 E T L7 £ O IZEREE O definitions M HIZ TARSKI ZFEWNTH
T &Ly, VAT APHEWICHENRFRMB THL Z L2 LET. g,
TARSKI @ abstract 7 7 4 /L HIZ predicate(RiEmAH) & LTI DI EMER I T

AZEIZXY F9.
TARSKI (21X, Mizar 74 77 U OFERE R D FEHMN ORI TWDETZD, 7T—T

£ I N HEEINHT- > TIBRESD definitions D& Z AT TARSKI ZEWWTRE £

ER
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Chapter 6

[ B

EF%

Wik

6.1 E

I TITERIZOWTHH L £ 9. predicates, functor, mode DEFITDOUVT

AL £

6.2 vocabulary file DEZH

Mizar TiZ, #7721Z functor Z EFT 5 & ZITIX, £ @ functor % vocabulary file (25§
THMENDY £9. predicates,mode ZEFRT D & X LIAKRICERRT HVLENDHY
$3. vocabulary file (.VOC 7 7 A )T, STITFORENS EXIED, BHIO 1 LTFIC
MOAFITRONEEE LS. #l21F, HIDDEN.VOC TI &,

HIDDEN.VOC
MAny
MReal
MNat
K[:

L:]

O+ 32

0.

R<>

R<

R>
(—&BEAY)

7o TWT, ITOMRIED 1 SCFE TR DO ER L TWET.



Rl | EERTDHHD =S
M | Mode T— K
O | Functor BAHGL 5
R | Predicate BUN IR
K | Left functor bracket FEFEIIL
L | Right functor bracket | A5l
G Structure 36
U | Selector vlse
V | Attribute JE

ATOIEIAD 1 CFITHET T, ANR—AZZE T T4 ZFEEZ ET. S HIT functor D
BEld, TOHEICANR—AZZET T, BRIBMAZFES 9. BEIRMIE 175 255 %
TOBIT. BFDPREWVIZEEIBIAM N ELS 20 £3. BT DL 64 720 £7.

Z 9 LT vocabulary file |28k L T/ 5, article TEFEL FJ. 723 vocabulary & 7=
IZBGRT A0, BEICEERIN TR0V E 9 EHRT 572D,

CHECKVOC [vocabulary]

ELTHERB LTS Z& 0.

6.3 predicate DT

7, predicate DERICOWVWTIBH LET. B2, kK 1ZHARKE LT, WE, ki
1ORTThHD, LWVWIEFRELIEWE LET. ZHUX predicate TJ. k is factor
of 1, ZOXIRERE LzWELET. I THER O EE2 LTET IR
b, k1E2DOEH AR TNHDITTYT. ZOHAEIRCOTERLTEINEWVD
&,

definition
let k,1 be Nat;
pred k is factor of 1
means

:FACTOR:
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ex t being Nat st 1l=k*t

L720E Y. let k,1 be Nat @ Nat I, k, 1 ® Mode 2AHARKTHLZEEHLHL TN
9. :FACTOR: I T VLT, % CHIHTHLEXIZDT IV EMNWET . EFRORNOTIL
Il ZaR TIESAET. ZLTC, iU abstract file ZZIMNBIKETELTELA LI
I, def [T NOVELDICEZLNET . S OIDEFDOT VLT TICEZLN
F9. F ke O x INTHE T

ZIT, k is factor of 1 &V predicate XlX ex t being Nat st l=k*t &\\HZ

LEERLTCWET.

6.4 functor DEFE

WIZ, functor DEFLTT N, FIZIL 2D functor B2 F L Xk 5. HEE (set) X,Y
D, ZEVWHIHFLWEREZEVLELIEVWE LET. 20L& LTIV IGEE L
£

XN\NY—>Z

set set set

definition

let X , Y be set;
func X /\ Y -> set
means
:N: x in it iff

X in X & x in Y;
existence ...... ;
unigqueness
proof

end;
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end;

Zo%Eb, f(X,Y)=Z LWwHBBERTRL, HETFORTETET.
Z=XNY, TOWVIHIREEERLIZVELET. EEXLEGYLLHID LWES
ZEEYHT, T EIIZIO functor TT . let X, Y be set; T, EAX Y ZH
HLET. func X /\ ¥ = set T, X /\ YW set THDHLEWVWI ZLERLTWVNE
F. means DIRDOATHS, £ O functor DFIR T . Jeft & W CARIZ T ~L & 21T T,
functor DEWAEZET. ZOEKPT, x /\ Y& it LEZET.

Z LT, iEE(EWRONE)TIL, existence (f#1E)& uniqueness (L =—7 D3k
HE LRdEnTEtA. FELT, »oa=—7ThHod I EE0nbia TTWiTi
Wi T

uniqueness OFEAD L2 TR, UTDOZ & &2F TN WDIFTT.

it £ LTal, a2 2o TL %L,

(x in A1 © x in X & x 1n Y)
2D (x in A2 © x in X & x in Y)

= Al = A2
heE L,

uniqueness
proof

let Al,A2 be set such that

Al: x in Al iff x in X & x in Y

and

A2: x in A2 1iff x in X & x in Y;

now let y;
y in Al iff y in X & y in Y by Al;
hence y in Al iff y in A2 by AZ2;

end:

hence Al=A2 by TARSKI:2;
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EWVIOI SRV ET. FY, ZOFREATTES2ORL,R2 Lo T DL,
FITENDBITHELWE WS Z L ZFET 5 Z & Tuniqueness ZAbH L7z Z LT F
ER

Z ® uniqueness OFEHOHF T, £, 34THIZ such that 3D £ H, £D
Ll 2 o0, TFoYL Al L& TYL A2 L and THRETNTWD Z &30 £7.
ZLTnow let vy 2o TWVWET. ZTDy I set THDHI LN reserve IFLTV
HELET. LT, VAl KV, vy in Al iff y in X & vy in Y CTHDH I &
NEAT, &HIZ, ZOZLETULA2 LY, yv in Al iff y in A2 THDHI &N
BA5DIFTYT. LT, a1=p2 THLHEODOMLETFFHHUTEED y ITXH LT, v
in Al &y in A2 BEMETH D EVVD, TARSKI:2 LY, Al=A2 RIS T

*

existence HAFETT Y, ZTHWV) it NFETHEWNWHI Z L ZFHALET. I74b
%}

ex A being set st for x

holds x in Al iff x in X & x in Y

ZREH L £

6.5 equals OffFVVF

equals 15 &, Q(x)=x’7e DX HIT, BEEHAIZL 2RO ERNPIRIATZE
S A

definition let x be Real;
func Quard(x) equals :Al:
X*X
correctness;

end;

DO X HIZT UL, B Quard (x) =x*x WERTE F7.
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6.6 mode NDTEEH

%12 mode DEFIZHOWTHIHZ LET.

WE, HH72ITnlt2 elements &) mode ZEFKT HE LET.

definition
mode nlt2 elements -> set means
:DF2:
ex a,b st a in it & b in it & a <> Db;
existence
proof
take B = NAT;
thus ex a,b st a in B & b in B & a <> Db
proof
take a= 1, b = 2;
thus a in B & b in B & a <> b;
end;
end;

end;

mode FEFLDEFIHEITlY, existence IZOWTOLIFHANRLEL D 4. £/~
mode NEFRIND &, FDMHE % (attribute)°(cluster) CEFRT HFEN T ET. Hl 2,

definition

attr nlt2 elements -> set means :DF2:
ex a,b st a in it & b in it & a <> b;
end;

definition

cluster nlt2 elements set;
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existence
proof
take B=NAT;
ex a,b st a in B & b in B & a <> Db
proof
take a=1, b=2;
thus a in B & b in B & a <> b;
end;
hence thesis by DF2;
end;

end;

—MIZIX, attribute [ZIRD L 5 Z2IBFEDIE D,
A is non-empty
ERFDETER L ET.
non-empty set
Z O34, non-empty |, nonempty & [FIFERTT .
F 7=, attribute @ definition 7 2 v 7 OH T, T LRI UEHEEFD U RL

(synonym) & X OFEM A FFO L 2 R)L (antonym) % EFRT HDFENTEET. # (2
EEEDOH DT ¢

definition
attr empty -> set means :Al:

not ex x st x in it;
synonym (void) ;

antonym (non-empty);

end;
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—20 mode ([T D attribute Z D721 THEWTZWEE, Z O cluster 2 EFT D MLEN
HYET. ZOHE, GEOMEHBZLETT. £ LARTIUE, ROXH>2FETHa
YEx— g URENET.

finite infinite set

empty non-empty set

Z DX 51T, Mizar TIEH LU functor, mode, attribute, cluster (§6.7 /) 72 K DEFR
DHKRFETH, ENENOEINILL TOBEREEZOMLEND D £7.

Existence | Uniqueness
Mode O
Pred
Functor O O
Attr
Cluster O O

6.7 Cluster DEZ:

& % mode (ZJEME (attribute) 2 W < Ot 5- LT, #HL mode DL H72b D (¥ A7)
ZEVHT LN TEET. HIRIE, Real L9 mode 235 & LET. 2D mode 2
% LT positive E W) BHENERSNTZELELELH. TDE X, positive Real &)
mode (2% cluster £V 9) HIEDH Z ENTEET.

ZA72 B positive Real &5 #H LV mode ZEAUIZ L &% 9 CTH 23, cluster 23M&EF] 72
DI,

X 1s positive Real; then

X 1s positive;
TN EEADR,

X 1s positive Real; then

X 1s positive;
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FTEEHRAT 2 LIz 52 ETT. BlD, "positive Real" &9 cluster I
positive 7R Real THDH I &%, Mizar F= v I —N LoD ERZATHNTINDHD
TF. —EH LU cluster 23 E# S LU, LoD articles T, environ #0 clusters @ & VY9
EQCEADOT 7 ANAZTLALTHBITIE, 22T, £Dcluster x AR D Z L3 T
TET.

clusters # EFRT D61 % TIZIF£3. ZDERKRITIT existence /21T ZFEH T 5 M EA
HHZLITEELELXD.

2%, VOC 7 7 A /WZiE, HHE0

Vpositive
EEMTVD DL LET.

environ
vocabulary TESTS8;
notation ARYTM,REAL 1;
constructors ARYTM;
theorems REAL 1,AXIOMS;
requirements ARYTM;
begin
definition let x be Real;
attr x is positive means :Al: 0<x;
end;
definition
cluster positive Real
existence
proof take 1; thus 0<1; end;
end;
theorem for x,y begin positive Real
holds xty is positive Real
proof let x,y is positive Real;
B1:0<x by Al; then 0<y by Al; then

x<x+y by REAL 1:69; then
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0<x+y by Bl, AXIOMS:22;
hence x+y is positive Real by Al;

end:

6.8 structure ME A

(X,a) % "M ET D, L0 ) L0 REAXITES a 13,
struct Binalg (# base->set,op2->Function #);

L2 EX 9 (definition 72 E, DIF2T). #H LWHEE Binalg, base, op2 D72
21X VOC 7 7 A )LD HIZ,

GBinalg
Ubase

Uop?2

EENTBEET (G unfElla— RE21T 52 EITHER).
T5EWRD LD IR ERITEBA T2 LIS L.

theorem for X being set, a being Function

holds (the base of Binalg(# X,a #))=X;

i, A (X, a)DOR—R T X THDH] W)k LET. base IZ the
HOTAHAZ EITEELTREEN.
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Chapter 7
EITIRIE

ZZTliEMizar DV AT KAEBZONNY 3 NIA A M=)V L THIHT 5 & DT
BRBEICOWTCRA L £, FEITBRET S LTIE, Windows9x/2000/NT ¢ MS-DOS 7' v > 7
M (a~r R7ar7 k) CTETTSMSDOSHOL D &, intel i Linux (kernel
2.0.x,2.2x,2.4x) TEITTH Linux O b DORH Y £93, WINOHELRALD
Editor 2842 T9". Mizar TIFHLIRLFZ2ENE T O T, HRHRCFOERRTE % Editor
ZME LT ZE W, MS-DOS R CIIAEHETHHE L T2 Editor 23361 TY. £ LT,
BEDOTAT IV 77 ANEZRLETOT, HEOZT 4274 RURRITAHOD
DMER] T

71 AR

Mizar D FETEREA A b=/ HD 7 7 A /LT MS-DOS it, Linux iit& HK 14M /3o
FNOREEDT—HAT77ANTH. LA ->T, Mizar ® Homepage X° ftp H—/
MHET IR A~ REfio TAFTHONMH T . 72 & 21X Homepege TH
AUTIRD URL 72 EHB AF LT 7ZE 0,

http://markun.cs.shinshu-u.ac.jp/kiso/projects2/proofchecker/mizar/index-j.html

anonymous ftp T —/3225 D AFHZ DWW TIE Appendix C ZZH L TS 7230,
AF LIz Mizar DT —H0A4 777 A MIN=RT 4 ATIZA VA =L L THEALE
7.



7.1.1 MS-DOS ki

MS-DOS i@ Mizar iZ Windows9x/2000/NT OEIET 5 AT HHED N— KT 4 2 7|2
A VARV LTHEHATEET. B ISM AL RONAN—RT 4 A7 DZEEFENPN
TP, 2T, N— KT 4 A7 C K74 7D Windows98  PC (T Mizar DT — 7
AT 774 BlziEmizar-6.1.11 3.33.722-win32.exe) 25 FEITEREEOMET
BHIRIUT DWW T L ET.

Mizar DT —H A 77 7 A ME, »N— KT 4 A7 NOwEY 723587 (7o & 21E C:\work
BmE) T4 V7 PUEMERL, £ZITRFLET.

Windows DA X — f A ==2—25 MD-DOS 7’1 7 h&\2H RIFC, us 2w R T
FEET—FICLET. ZLTHLY T4 L2 U ERIFED Mizar DT —h A 77 7
ANEREFELET L2 PUICEELET.

Mizar D7 = A 77 7 A WVIZHCIHFR T 7 A VIR > THWETDOTRDO K HITAF
LT 7 ANDT 7 A NE %2 NS USRI L £

C:\work>mizar-6.1.11 3.33.722-win32

iR L7~ 7 7 A AVEROFIZ INSTALLBAT & W9 A > A h—/LHD N F 7 7 A LN
HOETOT, ZNEED I DIV Mizar DA > A h—/LEZ{TWET.

C:\work>INSTALL .\ C:\MIZAR

C:\MIZAR |Z Mizar DV AT LA VA =V ENDT 4 L7 U TTR, Lo FZ
ATRMDT 4 L7 NIVAEIRET LI L TEET. ZONRNYF T 7 ALY
Mizar D 2~ RPA VA B —/LEILMIZ 7 7 A V04 £ TIEDH AU T X 72 abstract file 72
EbT 4 L7 N DPHERIERISN TS VA =L EET.

AV AP=ABEDoTD, axy R —F /32T c:\MIzAaR ZBMMLET. F/,
Mizar DA A S —ASEDT ¢ L7 R VI C:\MIZAR DIANEIEE LT HAIE, VAT

DERBEAEL MIZFILES % Mizar DA VA h—VJeDT 4 L7 VI LET.

BARAIIZIX, Mizar DA A b—)LoE% C:\MIZAR |Z L7z & & autoexec.bat [ZIZIRD 1
1TEIMAT-06 PC #/HiEE) LFET.

PATH C:\MIZAR
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728, autoexec.bat 7 7 A ILIZ, Tz

PATH C:\WINDOWS\COMMAND

72 CEEIZ PATH OERH AEE, I aa L TR - TRD X 912 Mizar OF 4 L7
MY OfREEZMZ 9.

PATH C:\WINDOWS\COMMAND;C:\MIZAR

F77, Pz Mizar DA L A R —)LEED RIA4A T DO N—RKF 4 A7 D D:\MIZAR I
L7 & & autoexec.bat (ZITZR D 21TH# Mz 7-DH PC ZHiEE) L F .

PATH D:\MIZAR

set MIZFILES=D:\MIZAR

7233, Mizar DT — AT 7 7 A NVEME LT L X2 TE 72 readme.txt EVVH 7 7 A )L
IZZNHDFE LWV DN THWET O THEIZS U TR LTI EE0,

7.1.2 Linux R

Linux i Mizar I % Linux( kernel @ 2.0.x, 2.2.x, 2.4.x CTEWEMERF 2B A > A h—/L &
A7z Intel ® Pentium 7' 1 & » & FfD AT AHUEDO/N— KT 4 A7 IZA A =L LT
EATEET. KI8OM /NS FDO/N— T AT DZEZFEPLETT. 22 TlE, PC
\Z Mizar DT —H1 A4 77 7 AN FIZIE (mizar-6.1.12 3.35.723-linux.tar) MH
FATRBEOHBET MU OV THIB L E T

Mizat D7 =1 A 77 7 A VL, N—RT 4 A7 NOEL 2575 (72L& 2 TASD
home 74 L7 MU L) 274 b2 MU ZMEHRL (72 2T work) , ZZITHRAFLET.

ZLCrzrOavwy R7ary 7 NThLy b7 4 b2 MU Z5IEED Mizar D7 —
NAT 77 ANERGFELIET 4 L7 MUVICELLET.

ZZTMizat DT — WA T 77 A V& tara~> RCEBLET. #8707 hed

ux

# tar xvf mizar-6.1.12 3.35.723-linux.tar
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ELET.

B L7 7 A VRO T install & WD A VA F—/VHDO Y =V A7 VT FRH Y E
ERD
T, TNERD X DIV Mizar DA > A h—/LEZ{TWVET.

# ./install

7 7 4V kTl Mizar ODFEIT7 7 A /UiX /usr/local/bin (2, Mizar @ shared 7 7 A
JUIL /usr/local/share/mizar |, Mizar ® K& = A > F7 7 A /LT
/usr/local/doc/mizar {ZA VA M—/VEINET. LER->T, f VA —LDEZE
FZNODT 4 L7 VK L TEARED D 52 —F—CIEELIT I LERH Y £

TN NISNDT 4 L7 PVICA VA= AT HZEHTEET. ZOHEITA
AM=NVHOY =2 VAZ ) T MEETEBE) L TA A M—LHICEE ECTHEERICT 1
L7 MU ZBELTHEET.

A VA N—=ARBKEbDoTEH, VAT AOPATHIZA > A h—/ LV L7z Mizar DFAT7 7
ANDT 4 L7 PIBPEENTNDZ LR LTIV, T 73V FOHAETHN
=

# echo SPATH

EATITHUL /usr/local/bin M PATHIZEHEFNTCWAZ L AR TE £,
HLEENTWRWEAIZIE, 72 & %213 bashre (bash DHA)IC

export PATH=/usr/local/bin

Ll bRDHB/ELIZDD

# source ~/.bashrc

EFEITLCa~vy R —F/XR|Z /usr/local/bin ZBMLET. 728, 774V b
USNDT 4 V27 bV % Mizar DFEIT7 7 A VDT 4 L7 FUICHE LT & ZIXHURZED
T4V N ERELET.

WA B2 8% MIZFILES (2 Mizar @ shared file DA > A h—/LJeDF 0 L7 b U %45
ELET
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BARAIIZIX, Mizar @ shared file DA > A b—/V4%:78 /usr/local/share/mizar C

b (740 F) , 7=& ZI1E, .bashrc (bash DILGE)IC

export MIZFILES=/usr/local/share/mizar

Ll bRDHB/ELIZDD

# source ~/.bashrc

FFEITLET.
728, Mizar DT —HA T 7 7 A NERHELT-L X TX7- README & W) 7 7 A
JNZZNEDFEL WA DN TWET O THIEIISC TSR T ZE 0.

7.2 Mizar Z{HE51-6H D %R

Mizar 2 5 720121, FTEHEEOT 4 L7 M) ZELMENH Y £7.

Z ZTIEMS-DOS MUZHE U7z — Bl A L £ 9743, C\IZUSER LW O T L2 R
ZEY, TOTIEEDOT L7 M zfEn £9. Iz, FEHEFHTLED,
nakamura *\ 97 4 L7 b U E{EY 9. £ L TZDFIZ, TEXT, DICT, PREL D3
DOT 4 LT N EED ET.

ENENDOT 4 L7 MVIZHOWCTHB LET &, TEXT (F2—HF2RE 7= Mizar
article(.MIZ 7 7 A V) &< T 4 L7 N U TH. Mizar DV AT AT 25FM 7 7
AH T ZIZEPNET. pIcT iE, DICTionary OIS T, Z ZiZida—HNE Nz
vocabulary file (.VOC 7 7 A /L) ZEX £9. #H LW SEEILZ D vocabulary file O H112E
WTHE E£7. PREL IE, PRELiminaries OB C, Mizar 74 7 7 VIZBEEI L TR
article #2425 L &, Z2ICHBER7 7 ANEEESET.

C:\USER\NAKAMURA\TEXT

\DICT
\PREL
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Mizar Z{#9EX 3B H, C:\USER D FO B OT AL IR &ALV 4L 7R ELTEWE
9. 72Ex0E 7.4.1 TEBH9 5 accom £V Mizar D~ Ra il &L

C:\USER\NAKAMURA\ACCOM TEXT\EXAMPLE1l.MIZ

DODEHCLET.

7.3 Mizar D AT L

Mizar D A7 A%, MS-DOS R TIE, C:\MIZARIZIELNET N, ZOHFTRFER
F 4L 27 FULLT, ABSTR AV £9. ZiuE, ABSTRact DBET, ZDOHIZHET
EH T E 7 abstract file 28% VW £9°. ]2 1%, BOOLE.ABS X°, TARSKI.ABS TT.
article z EH< L X2, ZOHFDOT7 7 A NVEHEISRLUET.

FOMDT 4 L7 R ELTEIUTOLORH Y £

PREL |Z1%, Mizar 74 77 VIZBE I TV D artticle #ZHT 5 L IS 77 A
JVISE LTV ET .

MMLZIZ T A7 Z7 VD MIZ 7 7 A v GEZGERADR TN TWD D) 234 A h—
ENET.

DOC ZiE A > A h—/L L7z Mizar ® README 7 7 A J\, A4 77 VIZRET HERC
i D R X bR OM Mizar (ICBHIET D RFa A R A A P—/L SR TVET.

Mizar Dff % 722~ 2 RiE C: \MIZAR [H FIZEPIVET.

[FERIZ Linux i ClX, 7.2.1 OA Y A M=V FEOFHHATHEXE L2 L ST, Mizar D
IFXFERa~ 2 Rt /usr/local/bin (A A h—/L X4, ABSTR, PREL X° MML
DT 4 V27 hUIL /usr/local/share/mizar |2, DOC IE /usr/local/doc/mizar IZ

ES, 77 ANANBA A =L ENFET.
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7.4 Mizar OfELVA
7.4.1 accommodate

il 21X EXAMPLEL .MIZ &9 7 7 A V4 D article Z{E>7cL LET. ZO77 A0
T2 TR LEBEBDT 4 L7 PYDTEXT WO T 4 L7 MVICEEET. £7,
accommodate(7 I ET — bk, 77 A NEED THET H0E)L £ 7. accommodate T~ 5
2%, a~vr R7r 7 FTaccom W) a~y Ragl#e LT EXAMPLEL . MIZ ZHEE
LT,

ACCOM TEXT\EXAMPLE1.MIZ

ELET. BIEELTHRET S 7 7A4/0 (2 2 TILEXAMPLEL . MIZ) 332 % & T
ELRITHUT e D £ A, accommodate TIE, BREH ZHiAZ AT, £ article T
72, ZRLTWVD artticle DEH, EFEQ L 2L L LW OO 7 7 AL 2R,
article DFEOF = v 7 2T 5HHAZ LES. T2 T=I7—NHLZL6HD E5. Hi
ZIE, BRBIERIC abstract file D7 7 A VA Zf > THEWTLESLEA R ETT.

accommodate | %, FFRIFATTHMEITH Y FEADN, RENLZERE LIZ L XX
accommodate L7238 S 2t HiT7e ) FHA.

7.4.2 Mizar FTvh—

INRESTZE, WRICMizar F = v I—%FITLET. Mizar T = v I —%FE(TT 5
120,

VERIFIER TEXT\EXAMPLE1l.MIZ

ELET. 7L, EHEIZENTTE T, Parser, Analyzer, Checker DJET, article & F
v 7L, Ty 7 LTWDHITHE, =7 —DfEHENERINET. Tz v 7RICTF =
v 7 LTATERIZI RFE RS TWIE, =7 —08—2%72<, Mizar OF = v B —IZ#
Sl Z LT ET.
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7.4.3 IT5—0HHEE

T —NHDHYA, ERRFIAG W) a<wr R&EHo T, =F7—&K S % article |22 A

VN O TRATEET.

ERRFLAG TEXT\EXAMPLE1.MIZ

ELET. WTFhoa~y FLiLRF MIZIZEK TS5 N TEET.
TT7—Ave—TERHIZIE, BIOT 7 AL (MIZARMSG) =7 X — TR
NV ET.

7.4.4 ERGaTUR
fER)7p Ny Fa<w KELT, MIZE.BAT BBV FI. o~ K74 T

MIZF TEXT\EXAMPLE1l.MIZ

&% &, accommodate D MENDH DM E D NEMANT, BEREEITE
accommodate #EITL, Db L Mizar F= vy I—2FETLET. EHICZT—NRHD
Ba, =7 &5 a X FOETarticle |ICEE 2, article DIRRIZITFHE LT T
—RG LT A E—VORBENEZENETL

LEXGAENT-2 AL ME, RICMIZF O~ REFET L E XITHER B2 ET.
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Chapter 8
FAT ) ~DE

Mizar 7 A 7 7 U ~OEGIZDOW T L£9". Mizar @ article ZFEWT, Fx v h—
ol LET. L, Ty W—%@o7=721F T, Mizar 74 77 VI8
HZEFTEFHABGET DRIV DR 2 R £

8.1 article DB
8.1.1 RAFDOHER

F7, article DIEZ L2 UE R FHA. 20D a~<wr K& LT,

RELPREM  RitRG5IHEF=v 795,
CHKLAB Rl I-NExFxv /5.
INACC Rt T2 F v 735,
TRIVDEMO KU ET AR EZT =795,

RELINFER RAOBITZTFT =79 5.

EVH avry RRHEBESNLTHWET. Wihoa~vr R,
RELPREM TEXT\EXAMPLE1.MIZ

DX oI, FhERDa~vy REET LRI,

ERRFLAG TEXT\EXAMPLE1.MIZ



EETTDHE, LI ELFERRIC, artticle lctT —FENESZENET.

RELPREM (X, by DOEZAICHEGRICEZR WL ONEI SN TWENET =y 7 LET.
F72, then lZOWThH, ENRUETHLINE I NTF v 7 LET. L, £l
KTHHERTELRORBDRHDH L, =T =12 £T.

CHKLAB (X, 7~V EDIFEN, HETHESTRWINLET =y 7 LET.

INACC IX, HETHHEINTRWMTZF =2y 7 LET. bL, 2OF =y 7 TZT—R
TTC, TEHIR LSS, TRICE D REFREIARLT LN TELNS LAEEADT,
FIBNPOT = 7 LI £ A.

TRIVDEMO (%, MU ETARIEARHLNE I N TF =y 7 LET. ZHUT,

A=B
proof
To:A=C by T1;
C=D by T2;
hence thosis by To;

end;

Lo TWAB LD REAIT,

A=B by T1,T2;

EEHEATCEAZ LA RLET. T1 & 121X ED proof & end O TEHLNL TS F
~LT9 ( proof —--- end OANERD T ~)L)
RELINFER D#itHH

RELINFER (L2 DDITHE 1 DICF L OIMNEIMETF v 7 LET. HlziX,

A=B + C by Tl;then
D=E + (B + C) by T2;

*605

7L T — (*605) DEAINT L FIT,

D=E + (B + C) by T1,T2;
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ETH L, ATTHEELNDLZ L BRLET.

*604 EWVWIHIFEHFDOT T —IL,

S1: A=B + C by T1;

D=E+ (B + C) by S1,T2

LBl x,

S1: A=B + C by T1;

D=E+ (B + C) by T1.T2;

EEFDHENVWIZEERLET. LTV s1 OITRIZEDIL TV T uE, £
FHIBRT 5 2 ENTEETD, b Cniud, HIBRTEF, 1T2R6TLiETEE
FA. LN TWDENEI 2L, &9 —F CHKLAR i x (T DDTTR, flibh
TWBEE, AR T OIS NWNRDOT, *604 [IMHEALTHLEINTLE Y. 0T
LT, —#HOF =y 77 u T hafEbHWDBENRD D £, ZORRME
BITHER - TLEI Z L H Y ET. THOITOEHMNRS)TMIZAR F = v 1 —IZ
o TITHARTS, ANHBRTAL L ST TRV R LIZbDIZR>TLE
IZEBLDHVET. o TUT LHITRERDICETTOILEIRLS, ELIFEITHD
THEMNFENEHA.

8.1.2 BIEEHDFvY

FOIEDPEBREROF = 7 NR3HV E£T. ZO-dboa<w KE LTI,

IRRVOC AE7R vocabulary T = v 7§ 5.
IRRTHS AER theorems T = v 7T 5.
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WHY ET. ENFEIRERROTF = v 7 Da~y REFRETT. NOTATION <
CONSTRUSTORS (ZBH L CiE, BWHIEM/2DT, NOTATION X°> CONSTRUSTORS L
BT EAEDRNT, ROENEKERO LD, AT O0NLHFELT, LALA
HOWHER D EZ ATV - T 7230, {HL, IRRVOC TREZR T 7 A /L& HIER L
£9 &, Z D% accommodation #1T 9 & NOTATION fic=F — N EF DT, vk
WmORS Z LT TEET.

8.2 BIxDAER

article DR DOF = v 7 BT X TD -T2 hH, RIZ, MIZ2ABS #FETT 5L, £F
accommodate L, = L CHZ® article (.MIz 7 7 A /L) 1D, Z O article BRI N5 7=
DDT 7 A NENESTLH, EHIZ Theorem & Definition 721J#X 72 LT, abstract
file ((aBS 7 7 A /L) BMER SN ET. IHIT, ZDarticle xR TE 25 K91,
MIZ2PREL ZE{TT 5 &, HODOT 4 L7 MU D PREL ICKERT 7 A V2 ab— LT
<NET.

article iR &I > a~ 2 K

MIZ2ABS abstract file Z-2< 5.

MIZ2PREL article #ZHTE AL H 77 A/ VE2aE—9 5.

Z LT, 20 atticle 5 SND L E2DTDIZ, artticle ZEWTFEES, 8,
T, B E 2T @O ETEE, Zhi.B1B 77 (/L& LET. poc
74 L7 b UDHPIZ example.bib WO H U TR H Y FTOTHEITLTL
723V, &9 L TCTE 7 article & Mizar Society |12, 72& %1%, 7u vy bBE—7 4
27 TEDET. BRI E TR =y 7 Sh, BREART,
VOGRS (article) &CHIE SALAUIE, accept &AL, T OBEMN X F I, accept IAVE
9~ &, Formalized Mathematics &\ 9 2562 Mizar article 75 B B IZ 5855 O FR 3L
I n TSN ET.

F7- A=V OBHTHEREZ Y A > T mml@mizar.uwb.edu.pl ~XHZ & 4
TEET. A=V TEHRT L L EDOHIED Appendix C3IZH Y T D TEHHIT
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LTL7EE0,

1D1E: SUMMERY OHC, HAim XA A LIZWE &1L, XHPT /cite{nl} &FEX
*9°. BIIZ REFERENCES O AT ICF D42 EX, Al LWHa— K2 HZ T

BE 1.
D7 FDOHITH D PRESENTER W) DL, faXDOL 7V —DEFE 72N, &9

BRTTR, ZEEICLTBNTL X,
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Chapter 9
BRLZY—IL
9.1 FEENHS VOC 774 I)L%IEF (findvoc)

#FLWHEE (terminology) ZEATHIZIE, HHLWVOC 7 7 A VEED ZD
HFICEER L £ (6.2 ) BT TIZBERINTHER ED VOC 7 7 A MITH DD E
FNY 7O,

C:\>findvoc Real

L4 5L, "Real" &\ XLFEHNEGAVTEHGEETIZOWNWT, TN ET D VOC 7 7 A
NDY A NNERINET.

findvoc

ETFANT B L, findvoc DFEWST (AL ARERENET. BIzIE, CFE"|" 28 L
AT

findvoc \b
FLTXF "< "HELT-WIERT
findvoc \1

ETREZERENFIRSNET.



9.2 VOC 774 ILDkEHS

MIZAR ODEDNR— 9 0 TlL, 2 TCDHOVOC 7 7 AV INEBRICHFIELIZDOTT N, B
FIIHE SN TWT, HXICFIHENRD Z LT e E£8A. HlxiE, INDEX] &9
VOC 7 7 A VONEZED T2 & XX

LISTVOC INDEX1

L4 2% L INDEX1.VOC ODNENFRINET.

9.3 TOREBEMNMERINTLVS ABS 771IILEHS
9.3.1 grep ZFE>5Ah%

TOMFENRTA T TV DRPOEZTHELONLTWDLINMY W2 ERHD E£T. £h
1, (FZTEESNTVDEOMNED, (FRCHETIERITLEZ L EZICHD DI
WO lZBROH D & ETY. TO LI E&EE, FHED MIZAR ¥ X7 AT A->TW
RNDTT IR, egrep &WI BT T LEMEH LEFTE. HlZIX Metric EWVVOH
FERHLDOND ABS 77 A NE Y ANT v 7T HITIE

C:\>cd /mizar/abstr

C:\>/mizar/egrep Metric *.* \| more

ETIIEI VD TT . egrep.exe 707 T A, BlzIX, RO URL(A X —F > b
DY) 7 Y —TAFTE £ (MPatnode KIZ LD H D).

http://www.eunet.bg/simtel.net/msdos/txtutl.html

T4 L7 MIOBENZED TNy TF 77 A4/ L TEL &EFTT.

F B OLTFHNEEF)ERT L ZIFE EROL ) TRVOTTR, —KIZIEZEDX
iﬂ%mﬁ%ﬁu@memmmT%#:&K&ofﬁi#.%of,ﬁ%@ﬂi
xtytz D L I3 EBEDOFNH D7 7 A NV EITEETIC

68



egrep la-z]\ + [a-z]\ + [a-z] *.*
DEHITL L TRV EFEAL. 22T
[a-z]

X7V 77Xy hahnbz EFTOLFONTNNERL, \+ [ T+DOXFEERLET.
ZIT, 4R - OEIREFIL, Ny RTva \ ORIZEDR S TUEWIT e
ZEITHERELELED.

IERFHROFELVHHIEA 7=y b RIS SAHTHEY. #I2I,

http://www.robelle.com/smugbook/regexpr.html

ZZRLTIEZEV.

9.3.2 Web Wot&FET DAL

AU H—Fy MR TX 2BREICHIIE, Web THETHZ &b TEx 7.
AAVARNG

http://markun.cs.shinshu-u.ac.jp/Mirror/search mml.html

W) URL #BHWTL 7280, K91 DX 5 BRBREE A F RS ET.

Z OBE THASTEWHEEEZ X A4 7L (K9.1 Tl Metric ) , abstract file 2> 58T D
2 miz file NHET DD, HDWIII S NGRS ONT VARZ o TEIRLT (9.1
Tl abstract file) search 7 U v 273252 & THETE X
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3 MML zearch - Microsoft Internet Explarer [ ]

| 7riE REE® RTW HRCAIE VD ALTH [ & |

| 55 - = - D 2 4| Qrr @R SEE B S -

JJ_"FLJR.':Q} @ httpe/f markur.cs shinshu-wac. jp/ Mirror Szearch_mmlhtml j 128D J'_.'l-ffl' 22
=

MML Search (on markun)

IMetric zearch I

Target files: ™ abstract file © miz file T hoth

Last modified: Tue Moy 28 145258 JST 2002

k2
&) A-INRTENELE R R /

9.1 Web TOMHRHE
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Chapter 10
IN—230 T T[2DLNT

MIZAR D=2 5 7 FIIHBEIATONET. 20L&, 7477 U OEINEY
ROZ LT, BOOERF D atticle DF = v 7 IZHEZRIFLETADN, Ty —0D
N=2 a7 v FZONWTUIERLZELET. A X —F > D MIZAR DR —L~—
VEILKUA YT UTLT, BHOLDEAFTLHLOREMTTFIN.

2, PERAE > T EEARM 2 EE cancel SN TLEHI ZERHY, FRNETR

FN—Taror4L7 FIHO
CANCELED.DOC

DOHFNZEDIERPENTNET.
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Appendix B
Mizar 5147 3" ) EEE

ZZIZiX, Mizar 74 7 7 U OFTHZIZSIH S 45 article DERL, EFA 28
I MIREL-bOZEH L THY £
WH, b&dabstract file #2M L T 72XV,

http://markun.cs.shinshu-u.ac.jp/Mirror/mizar.org/JFM/mmlident.html

mEMLZHTE £
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B.1 TARSKI

Tarski Grothendieck Set Theory by Andrzej Trybulec

reserve x,vy,z,u,N,M,X,Y,Z for set;

2 (for x holds x in X iff x in Y) implies X = Y;

def 1 func { y } means x in it iff x = y;
def 2 func { y, z } means x in it iff x =y or x = z;
def 3 pred X ¢c= Y means x in X implies x in Y;

def 4 func union X means x in it iff ex Y st x in Y & Y in X;

7 x in X implies ex Y st Y in X & not ex x st x in X & x in Y;

scheme Fraenkel { A()-> set, P[set, set] }:
ex X st for x holds x in X iff ex y st y in A() & Ply,x]
provided for x,y,z st P[x,y] & P[x,z] holds y = z;

def 5 func [x,vy] equals { { x,v }, { x } };
def 6 pred X,Y are equipotent means
ex 7 st
(for x st x in X ex y st vy in Y & [x,y] 1n Z) &
(for v st vy in Y ex x st x in X & [x,y]in Z) &
for x,y,z,u st [x,y] in Z & [z,u] in Z holdsx = z iff y = u;
9 ex M st N in M &
(for X,Y holds X in M & Y c= X implies Y in M) &
(for X st X in M ex Z st Z in M & for Y st Y c¢c= X holdsY in Z) &

(for X holds X c= M implies X,M are equipotent or X in M);
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B.2 AXIOMS

Strong Arithmetic of Real Numbers by Andrzej Trybulec

reserve x,y,z for real number;

reserve i,k for Element of NAT;

13 x+ (y +2) = (x+y) + 2z
16 x * (y * z) = (x *vy) * z;
18 x * (y + z) =x *y + x * z;

19 ex y st x + vy = 0;

20 x <> 0 implies ex y st x * y = 1;

21 x <=y & y <= x implies x = y;

22 x <=y & y <= z implies x <= z;

24 x <= y implies x + z <=y + z;

25 x <=y & 0 <= z implies x * z <=y * z;

reserve r,rl,r2 for Element of REAL+;

26 for X,Y being Subset of REAL
st for x,y st x in X & y in Y holds x <=y
ex z st for x,y st x in X & y in Y holds x <=z & z <= y;
28 x in NAT & y in NAT implies x + y in NAT;
29 for A being Subset of REAL
st 0 in A & for x st x in A holds x + 1 in A
holds NAT c= A;
300k = { 1: 1 < k };
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B.3 BOOLE

Boolean Properties of Sets by Library Committee

1 for X being set holds X \/ {} = X;

2 for X being set holds X /\ {} = {};

3 for X being set holds X \ {} = X;

4 for X being set holds {} \ X = {};

5 for X being set holds X \+\ {} = X;

6 for X being set st X is empty holds X = {};

7 for x, X being set st x in X holds X is non empty;
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B.4 XBOOLE 0

Boolean Properties of Sets --- Definitions

by Library Committee
reserve X, Y, Z, x, y, z for set;
scheme Separation { A()-> set, P[set] }

ex X being set st for x being set

holds x in X iff x in A() & P[x];

def 1 func {} -> set means not ex x being set st x in it;

der 2 func X \/ Y -> set means x in it iff x in X or x in Y;
def 3 func X /\ Y -> set means x in it iff x in X & x in Y;
def 4 func X \ Y -> set means x in it iff x in X & not x in Y;
def 5 attr X is empty means X = {};

def 6 func X \+\ Y -> set equals (X \ Y) \/ (Y \ X);

def 7 pred X misses Y means X /\ Y = {};

def 8 pred X ¢c< Y means X c= Y & X <> Y;

def 9 pred X,Y are c=-comparable means X c= Y or Y c= X;

def 10 redefine pred X = Y means X c= Y & Y c= X;

1 x in X \+\ Y iff not (x in X iff x in Y);
2 (for x holds not x in X iff (x in Y iff x in 7))
implies X = Y \+\ Z;

cluster {} -> empty;
cluster empty set;

cluster non empty set;

let D be non empty set, X be set;
cluster D \/ X —-> non empty;
cluster X \/ D -> non empty;

3 X meets Y iff ex x st x in X & x in Y;
4 X meets Y iff ex x st x in X /\ Y;
5 X misses Y & x in X \/ Y implies

((x in X & not x in Y) or (x in Y & not x inX));

scheme Extensionality { X,Y() -> set, P[set] }
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X() = Y() provided
for x holds x in X () iff P[x] and
for x holds x in Y () iff P[x];

scheme SetEqg { Pl[set] }
for X1,X2 being set st
(for x being set holds x in X1 iff P[x]) &
(for x being set holds x in X2 iff P[x]) holds X1 = X2;
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B.5 XBOOLE_1

Boolean Properties of Sets --- Theorems by Library Committee

reserve x,A,B,X,X',Y,Y',Z,V for set;

1 Xc=Y &Y c= Z implies X c= Z;

2 {} c=%;

3 X c= {} implies X = {};

4 (X \/ YY) \/ z2=X\/ (Y \/ Z);

5 (X N/ YY) N/ Z2=(X\N/2)\ (Y \/ Z);
6 X \/ (X \/Y) =X \/Y;

7 X c= X \/ ¥Y;

8 X c=2 & Y c= Z implies X \/ Y c= Z;
9 X c= Y implies X \/ Z c= Y \/ Z;

10 X ¢c= Y implies X c= 2 \/ Y;

11 X \/ Y ¢c= Z implies X c= Z;

12 X c= Y implies X \/ Y = Y;

13 X c=Y & Z c=V implies X \/ Z c= Y \/ V;

14 (Y c=X & Z c= X & for Vst Y ¢c=V & Z c=V holds X ¢c= V) implies X
=Y \/ Z;

15 X \/ Y = {} implies X = {};

16 (X /N Y) /N z2 =X /\ (Y /\ Z);

17 X /\ Y c= X;

18 X ¢c= Y /\ Z implies X c= Y;

19 2 ¢c= X & Z ¢c= Y implies Z c= X /\ Y;

20 (X c= Y & X ¢c= Z & for Vst Vc=Y & V c= Z holds V c= X) implies X
=Y /\ Z;

21 X /N (X \/ Y) = X;

22 X \/ (X /\ YY) = X;

23 X /N (Y N/ z2) =X /\NY N/ X /\ Z;

24 X \/ Y /\ 2 = (X \/ YY) /\ (X\/ 2);

25 (X /N Y) N/ (Y /N Z) \/ (Z /\ X) = (X \/ YY) /\ (Y \/ 2) /\ (2 \/ X);
26 X c= Y implies X /\ Z c=Y /\ Z;

27 X c=Y & Z c= V implies X /\ Z c=Y /\ V;

28 X c= Y implies X /\ Y = X;

29 X /N Y ¢c= X \/ Z;

30 X ¢c= Z implies X \/ Y /\ 2 = (X \/ Y) /\ Z;

31 (X /N Y) \/ (X /\ Z) c=Y \/ Z;
32 X\ Y =Y \ X implies X = Y;
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33 X ¢c= Y implies X \ Z2 c= Y \ Z;

34 X ¢c= Y implies Z \ Y c= Z \ X;

35 X c= Y & Z c= V implies X \ V c= Y \ Z;
36 X \ Y c= X;

37 X \ Y = {} iff X c= Y;

38 X ¢c= Y \ X implies X = {};

39 X \/ (Y \ X) =X \/ Y;

40 (X \/ Y) \ Y
41 (XN Y) \Z2 =X\ (Y \/ 2Z2);

42 (X \/ YY) \ 2 = (X \ 2) \/ (Y \ 2);
43 X ¢c= Y \/ Z implies X \ Y c= Z;

X\ Y;

44 X \ Y c= 7 implies X c= Y \/ Z;
45 X c= Y implies Y = X \/ (Y \ X);

46 X \ (X \/ Y) = {};

47 X \ X /N Y = X\ Y;

48 X \ (X \Y) =X /\ Y;

49 X /N (Y \ Z2) = (X /\Y) \ Z;

50 X /\ (Y \ 2) =X /\N Y\ X /\ Z;

51 X /\ Y \/ (X \Y) = X;

52 X\ (Y \ 2) = (X \NY) \/ X /\ Z;

53 X\ (Y \/ Z) = (X \Y) /\ (X\ Z2);

54 X\ (Y /N Z) = (X\Y) \/ (X\ 2Z);

55 (X N/ YY) \ (X /N Y) = (X\NY) N/ (Y N\ X);

56 X c< Y & Y c< Z implies X c< Z;
57 not (X c< Y & Y c< X);

58 X ¢c< Y & Y ¢c= Z implies X c< Z;
59 X c=Y & Y c< Z implies X c< Z;
60 X c= Y implies not Y c< X;

61 X <> {} implies {} c< X;

62 not X c< {};

63

64

c=Y & Y misses Z implies X misses 7Z;

c= X & Bc=Y & X misses Y implies A misses B;

66
67

X
A
65 X misses {};
X meets X iff X <> {};
X c=Y & X c=2 & Y misses Z implies X = {};
68 for A being non empty set st A c= Y & A c= Z holds Y meets Z;
69 for A being non empty set st A c= Y holds A meets Y;
70 X meets Y \/ Z iff X meets Y or X meets Z;
71 X \/ Y =2 \/ Y & X misses Y & Z misses Y implies X = Z;
72 X' \/ Y' = X \/ Y & X misses X' & Y misses Y' implies X = Y';
73 X ¢c= Y \/ Z & X misses Z implies X c= Y;
74 X meets Y /\ Z implies X meets Y;
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75 X meets Y implies X /\ Y meets Y;

76 Y misses Z implies X /\ Y misses X /\ Z;

77 X meets Y & X c= Z implies X meets Y /\ Z;

78 X misses Y implies X /\ (Y \/ Z2) = X /\ Z;

79 X \ Y misses Y;

80 X misses Y implies X misses Y \ Z;

81 X misses Y \ Z implies Y misses X \ Z;

82 X \ Y misses Y \ X;

83 X misses Y iff X \ Y = X;

84 X meets Y & X misses Z implies X meets Y \ Z;
85 X ¢c= Y implies X misses Z \ Y;

86 X c= Y & X misses Z implies X c= Y \ Z;

87 Y misses Z implies (X \ Y) \/ Z = (X \/ 2) \ Y;
88 X misses Y implies (X \/ Y) \ Y = X;

89 X /\ Y misses X \ Y;

90 X \ (X /\ Y) misses Y;

91 (X \+\ Y) \+\ Z2 = X \+\ (Y \+\ 2);

92 X \+\ X = {};

93 X \/ Y = (X \+\ Y) \/ X /\ ¥;

94 X \/ Y = X \+\ Y \+\ X /\ Y;

95 X /\ Y = X \+\ Y \+\ (X \/ Y);

96 X \ Y c= X \+\ Y;

97 X \ Y c=2 & Y \ X c= Z implies X \+\ Y c= Z;
98 X \/ Y = X \+\ (Y \ X);

99 (X \+\ Y) \ Z = (X \ (Y \/ Z)) \/ (Y \ (X \/ 2));
100 X \ Y = X \+\ (X /\ Y);
101 X \+\ Y = (X \/ YY) \ X /\ ¥Y;
102 X \ (Y \+\ 2) =X\ (Y \/ 2) \/ X /\NY /\ Z;
103 X
X

/\ Y misses X \+\ Y;
104 Y

c< Y or X = or Y c< X iff X,Y are c=-comparable;
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B.6 REAL_1

Basic Properties of Real Numbers by Krzysztof Hryniewiecki

mode Real is Element of REAL;

reserve r for set;

reserve x,y,z,t for real number;

9 z<>0 & x*z=y*z implies x=y;

10 x + z = y + z implies x=y;

def 1 func -x -> real number means x + it

def 2 func x" -> real number means x * it

otherwise it = 0;
def 3 func x-y equals x+(-y);
def 4 func x/y equals x * y";

cluster x-y -> real;

cluster x/y -> real;

redefine func -x -> Real;

redefine func x" -> Real;

redefine func x-y -> Real;

redefine func x/y -> Real;

17 x+y-z=x+(y-z);

19 0-x=-x;

21 (=x)*y = - (x*y) & (=%x)*y=x*(-y);
22 x<>0 1iff -x<>0;

23 x*y=0 iff x=0 or y=0;
24 x"*ry"=(x*y)";

25 x-0=x;

26 -0=0;

27 x=(y+z)=x-y-2z;

28 x—(y-z)=x-y+z;

29 x*(y-z)=x*y - x*z;

30 x=x+tz-z;

31 x<>0 implies x"<>0;

84
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33 1/x=x" & 1/x"=x;

34 x<>0 implies x*(1/x)=1;

35 (x/y) * (z/t) =(x*z)/(y*t);

36 x-x=0;

37 x<>0 implies x/x = 1;

38 z<>0 implies x/y=(x*z)/(y*z);

39 (=x/y=(-%x)/y & x/(-y)=-%x/y);

40 x/z + y/z = (x+y)/z & x/z - y/z = (x-y)/z;

41 y<>0 & t<>0 implies x/y + z/t =(x*t + z*y)/(y*t)
& x/y - z/t =(x*t - z*y)/(y*t);

42 x/(y/z)=(x*z)/y;i

43 y<>0 implies x/y*y=x;

44 for x,y ex z st x=y+z;

45 for x,y st y<>0 ex z st x=y*z;

49 x <= y implies x - z <=y - z;

50 x<=y iff -y<=-x;

52 x<=y & z<=0 implies y*z<=x*z;

53 x+z<=y+z implies x <= y;

54 x-z<=y-z implies x <= y;

55 x<=y & z<=t implies x+z<=y+t;

def 5 redefine pred x<y means x<=y & xX<>y;

66 x < 0 1iff 0 < -x;

67 x<y & z<=t implies x+z<y+t;

69 0<x implies y<y+x;

70 0<z & x<y implies x*z<y*z;

71 z<0 & x<y implies y*z<x*z;

72 0<z implies 0<z";

73 0<z implies (x<y 1ff x/z<y/z);
74 z<0 implies (x<y iff y/z<x/z);
75 x<y implies ex z st x<z & z<y;
76 for x ex y st x<y;

77 for x ex y st y<x;

scheme SepReal { P[Reall]}:
ex X being Subset of REAL st
for x being Real holds x in X iff P[x];

81 (x/y)"=y/x;

82 (x/y)/(z/t)=(x*t)/ (y*z);
83 - (x-y)=y-X%x;
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84 x+ty <= z iff x <= z-y;
86 x <= y+z iff x-y <= z;
92 (x <=y & z <= t implies x - t <=y - z) &
(x <y & z <=t or x <=y & z < t impliesx-t < y-z);

93 0 <= x*x;
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B.7 NAT 1

The Fundamental Properties of Natural Numbers by Grzegorz Bancerek
mode Nat is Element of NAT;

reserve x for Real,
k,1,m,n for Nat,
h,i,j,p for natural number,

X for Subset of REAL;

2 for X st 0 in X & for x st x in X holds x + 1 in X
for k holds k in X;

redefine func n + k -> Nat;
cluster n + k -> natural;

scheme Ind { P[Nat] }
for k being Nat holds P[k]
provided
P[0] and
for k being Nat st P[k] holds P[k + 1];

scheme Nat Ind { P[natural number] }
for k being natural number holds P[k]
provided
P[0O] and
for k be natural number st P[k] holds P[k + 1];

redefine func n * k -> Nat;
cluster n * k -> natural;

18
19

20
21

<= iy

o O

<> 1i implies 0 < i;

<= j implies 1 * h <= j * h;

o k-

<> 1i + 1;
22 1 = 0 or ex k st i =k + 1;
23 1+ 3J =0 implies 1 = 0 & j = 0;

87



scheme Def by Ind { N()->Nat, F(Nat,Nat)->Nat, P[Nat,Nat] }
(for k ex n st Plk,n] ) &
for k,n,m st P[k,n] & P[k,m] holds n = m
provided
for k,n holds P[k,n] iff
k=06&n=N() orexm,1 st k =m+ 1 & P[m,1] & n= F(k,1);

26 for i,j st 1 <= j + 1 holds 1 <= j or 1 = 3 + 1;

27 1 <=3 & J <=1+ 1 implies i = j or 7 =1 + 1;

I
'_l.
+
T

28 for i,j st 1 <= j ex k st j

29 i <=1 + 3;

scheme Comp Ind { P[Nat] }
for k holds P[k]
provided

for k st for n st n < k holds P[n] holds P[k];

scheme Min { P[Nat] }
ex k st P[k] & for n st P[n] holds k <= n
provided

ex k st Pl[k];

scheme Max { P[Nat],N()->Nat }
ex k st P[k] & for n st P[n] holds n <= k
provided
for k st P[k] holds k <= N() and
ex k st P[k];

37 1 <= j implies i <= j + h;
38i< 3+ 1 iff 1 <= 3;
40 1 * j = 1 implies i =1 & j = 1;
scheme Regr { P[Nat] }
P[0]
provided
ex k st P[k] and
for k st k <> 0 & P[k] ex n st n < k & P[n];

reserve kl,t,tl for Nat;

42 for m st 0 < m for n ex k,t st n = (m*k)+t & t < m;
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43 for n,m,k,kl,t,tl being natural number

st
k

de
(
de
(

=kl & t

n = m*k+t

f 1 func
ex t st

f 2 func

O

ex t st

& t <m &n = m*kl+tl & tl < m holds

tl;

46 0 < i implies

]

47 0 < i implies j

-> Nat means

it +t &t

<1l ) or it =

-> Nat means

t + it & it < 1 ) or it

mod 1 < 1i;

=1 * (j div 1) + (j mod 1i);

def 3 pred k divides 1 means ex t st 1 = k

49
51
52
53
54
55
56
57
58

j divides
i divides
i divides
i divides
0 <3 & i
i divides
i divides
i divides

i divides

i iff

J &
J &
0 &

]
]
1

i=9 % (i

divides h implies i divides h;

div 3J);

divides i implies 1 = j;

divides 1i;

divides j implies 1 <= j;

&

]
]
]
j &

def 4 func k lcm

k divides it &

i

i

n

n

implies i divides j * h;

*

t;

& 1 divides h implies i divides j+h;

divides j + h implies i divides h;

divides h implies 1 divides j mod h;

-> Nat means

divides it & for m st k divides m &n

m holds it divides m;

def 5 func k hcf n -> Nat means

scheme Euklides { Q(Nat)->Nat,
& Q(n + 1) =0

it divides k & it divides n & for m st m divides k &m

n holds m divides it;

ex n st Q(n) = a() hct b()
provided

0 <b() & b() < a() and
Q(0) = a() & Q(1) = b() and
for n holds Q(n + 2) = Q(n)

cluster -> ordinal Nat;

a,b()->Nat }

mod Q(n + 1);

cluster non empty ordinal Subset of REAL;
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B.8 FUNCT 1

Functions and Their Basic Properties by Czeslaw Bylinski

reserve X,X1,X2,Y,Y1,Y2 for set,

p,x,x1,x2,y,v1l,v2,z,2z1,2z2 for set;

def 1 attr X is Function-like means

for x,yl,y2 st [x,yl] in X & [x,y2] in X holdsyl = y2;
cluster Relation-like Function-like set;
mode Function is Function-like Relation-like set;
cluster empty -> Function-like set;
reserve f£,f1,f2,g9,9l1,92,h for Function;
2 for F being set st
(for p st p in F ex x,y st [x,V] = p) &
(for x,yl,y2 st [x,yl] in F & [x,y2] in F holds yl =y2)
holds F is Function;
scheme GraphFunc{A()->set,P[set,set]}:
ex f st for x,y holds [x,y] in f iff x in A() & P[x,Vy]
provided

for x,yl,y2 st P[x,yl] & P[x,y2] holds yl = y2;

def 4 func f.x -> set means

[x,1t] in f if x in dom f otherwise it = {};

8 [x,y] in f iff x in dom f & y = f.x;
9 dom £ = dom g & (for x st x in dom f holds f.x = g.x) implies f = g;

def 5 redefine func rng f means

for y holds y in it iff ex x st x in dom f & y= f.x;

12 x in dom f implies f.x in rng £f;

14 dom f = {x} implies rng f = {f.x};
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scheme FuncEx{A()->set,P[set,set]}:

ex f st dom f =

provided

A() & for x st x in A()

holds P[x,f.x]

for x,yl,y2 st x in A() & P[x,yl] & P[x,y2]

for x st x in A() ex y st P[x,v];

scheme Lambda{A ()->set,F(set)->set}:

holds yl = y2 and

ex f being Function st dom f = A() & for x st x in A()

holds f.x = F(x);

15 X <> {} implies for y ex f st dom £

X & rng £

16 (for f,g st dom £ = X & dom g = X holds f

17 dom £

= dom g & rng £ = {y} & rng g

18 Y <> {} or X

{} implies ex f st X

19 (for y st y in Y ex x st x in dom f

redefine func f*g;

synonym g*f;

cluster g*f -> Function-like;

20 for h st

21 x
22 x
23 x

25 z

27 dom(g*f) = dom f implies rng f c= dom g;

in
in

in

in

dom (g*f)
dom (g*f)

dom f implies

rng (g*f)

33 rng £ c= Y &

holds g = h

(
)

holds h = g*f;

&

= 9)

= {y};
implies X = {};

{y} implies f = g;

dom f & rng f c= Y;

Yy

(for x st x in dom h holds h.x = g. (f.x))

f.x)

iff x in dom f & f.x in dom g;

implies (g*f).x = g.(f.x);

implies z in rng g;

for g,h st dom g = Y & dom h

implies Y = rng £f;

redefine func diagonal X;

synonym id X;

cluster id X -> Function-like;

34 £
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(g*f) .x = g.(f.x);

implies Y c= rng f;

(for x holds x in dom h iff x in dom f & f.x in dom Qg) &

= Y & g*f = h*f

id X iff dom £ = X & for x st x in X holds f.x = x;



(id X) .x =
dom £ /\ X;

35 x in X implies

37 dom(f* (id X)) =

Xy

38 x in dom f /\ X implies f.x = (f*(id X)) .x;

40 x in dom((id Y)*f) iff x in dom f & f.x in Y;

42 f*(id dom f) = £ & (id rng f)*f = £;
43 (id X)*(id Y) = id(X /\ Y);
44 rng f = dom g & g*f = £ implies g = id dom g;

def 8 attr f is one-to-one means

for x1,x2 st x1 in dom f & x2 in dom f & f.x1 =
46 f is one-to-one & g is one-to-one
47

48

g*f is one-to-one &
g*f is one-to-one & rng f =
g is one-to-one;
49 f is one-to-one iff
(for g,h st rng g ¢c= dom £ & rng h c= dom f &dom g

f*g = f£*h holds g = h);

dom g implies f is one-to-

f.x2holds x1 =

implies g*f is one-to-one;

rng f c¢c= dom g implies f is one-to-one;

one &

dom h &

50 dom £ = X & dom g = X & rng g c= X & £ is one-to-one & f*g = £
implies g = id X;

51 rng(g*f) = rng g & g is one-to-one implies dom g c= rng f;

52 id X is one-to-one;

53 (ex g st g*f = id dom f) implies f is one-to-one;
cluster empty Function;

cluster empty -> one-to-one Function;

cluster one-to-one Function;

f~ -> Function-like;

cluster

def 9 func f" -> Function equals f~;

54 f is one-to-one implies for g being Function holds g=f" iff

dom g = rng f &for y,x holds y in rng f & x = g.y

iff x in dom f & y = f.x;
55 f is one-to-one implies rng f = dom(f") & dom f = rng(f");
56 £ is one-to-one & x in dom f implies x = (f").(f.x) & x = (f"*f).
57 £ is one-to-one & y in rng f implies y = f£.((f").y) & y = (£*f")
58 f is one-to-one implies dom(f"*f) = dom £ & rng(f"*f) = dom £f;
59 f is one-to-one implies dom(f*f") = rng f & rng(f*f") = rng f;
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60 £ is one-to-one & dom f = rng g & rng £ = dom g &
(for x,y st x in dom f & y in dom g holds f.x =y iffg.y = x)

implies g = £";

61 f is one-to-one implies f"*f = id dom f & f*f" = id rng f;

62 f is one-to-one implies f" is one-to-one;

63 £ is one-to-one & rng £ = dom g & g*f = id dom f implies g = f";
64 f is one-to-one & rng g = dom f & f*g = id rng f implies g = f";
65 f is one-to-one implies (f")" = £;

66 £ is one-to-one & g is one-to-one implies (g*f)" = f"*g"

67 (id X)" = (id X);

cluster f|X -> Function-like;

68 g = f|X iff dom g = dom f /\ X & for x st x in dom g
holds g.x = f.x;

70 x in dom(f|X) implies (f[|X).x f.x;

71 x in dom f /\ X implies (f|X).x = f.x;

72 x in X implies (f[|X).x = f.x;

73 x in dom f & x in X implies f.x in rng(f|X);

74 X c= dom f implies dom(f|X) =

<

76 dom(f|X) c= dom f & rng(f|X) c= rng £f;
82 X c= Y implies (fI1X) 1Y = £IX & (flY) X = f|X;

84 f is one-to-one implies f|X is one-to-one;

cluster Y|f -> Function-like;

85 g = Y|f iff (for x holds x in dom g iff x in dom f & f.x in Y) &
(for x st x in dom g holds g.x = f.x);

86 x in dom(Y|f) iff x in dom f & f.x in Y;

87 x in dom(Y|f) implies (Y|f).x = f.x;

89 dom(Y|f) c= dom f & rng(Y|f) c= rng £f;

97 X c= Y implies Y| (X|f) = X|f & X|(Y|f) = X|£;

99 f is one-to-one implies Y|f is one-to-one;

def 12 func f.:X means

for y holds y in it iff ex x st x in dom f & xin X & y = f.x;

117 x in dom f implies f.:{x} = {f.x};

118 x1 in dom f & x2 in dom f implies f.:{x1,x2} = {f.x1,f.x2};
120 (Y|£f).:X c= £.:X;

121 £ is one-to-one implies f.: (X1 /\ X2) = f.:X1 /\ f.:X2;
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122

123
124

125
126

def

137
138
139
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160

(for X1,X2 holds f.: (X1 /\ X2) = f£.:X1 /\ f.:X2)
implies f is one-to-one;
f is one-to-one implies f.: (X1 \ X2) = f.:X1 \ f.:X2;
(for X1,X2 holds f.: (X1 \ X2) = f£.:X1 \ f.:X2)
implies f is one-to-one;
X misses Y & f is one-to-one implies f.:X misses f.:Y;

(Y|£).:X =Y /\ f.:X;

13 redefine func f"Y means

for x holds x in it iff x in dom f & f.x in Y;

£ (Y1 /\ Y2) = £"Y1 /\ £"Y2;

£ (Y1 \ Y2) = £"Y1 \ £"Y2;

(£1X)"Y = X /\ (f"Y);

v in rng £ 1iff f"{y} <> {};

(for vy st vy in Y holds f"{y} <> {}) implies Y c= rng £f;
(for v st y in rng f ex x st f"{y} = {x}) iff f is one-to-one;
L2 (E'Y) = Y,

c= dom f implies X c= f"(f.:X);

c= rng f implies f.: (f"Y) = Y;

Lo (f"Y) =Y /\ f.:(dom f);

(X /N E"Y) e= (£.:X) /N Y;

L (XO/N EMY) = (£.:X) /N Y

/N E"Y c= £ (f.:X /\ Y);

b T e W o S SR S o

f is one-to-one implies f"(f.:X) c= X;

(for X holds f" (f.:X) c= X) implies f is one-to-one;

f is one-to-one implies f.:X = (f")"X;

f is one-to-one implies f"Y = (f").:Y;

Y =rng f & domg =Y & dom h = Y & g*f = h*f implies g = h;
f.:X1 c= £.:X2 & X1 ¢c= dom f & f is one-to-one implies X1 c= X2;
f"Y1l c= £"Y2 & Y1 c= rng f implies Y1 c= Y2;

f is one-to-one iff for y ex x st f"{y} c= {x};

rng £ c= dom g implies f"X c= (g*f)" (g.:X);
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B.9 SUBSET 1

Properties of Subsets by Zinaida Trybulec
reserve E,X,x,y for set;

cluster bool X -> non empty;

cluster { x } -> non empty;

cluster { x, y } -> non empty;

def 2 mode Element of X means

it in X if X is non empty otherwise it is empty;
mode Subset of X is Element of bool X;

cluster non empty Subset of X;

cluster [: X1,X2 :] -> non empty;
cluster [: X1,X2,X3 :] -> non empty;
cluster [: X1,X2,X3,X4 :] -> non empty;

redefine mode Element of X -> Element of D;

cluster empty Subset of E;

def 3 func {} E -> empty Subset of E equals {};
def 4 func [#] E -> Subset of E equals E;

4 {} is Subset of X;
reserve A,B,C for Subset of E;
7 (for x being Element of E holds x in A implies x in B)
implies A c= B;
8 (for x being Element of E holds x in A iff x in B) implies A = B;

10 A <> {} implies ex x being Element of E st x in A;

def 5 func A° -> Subset of E equals E \ A;
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redefine func A \/ B -> Subset of E;

func A /\ B -> Subset of E;

func A \ B -> Subset of E;

func A \+\ B -> Subset of E;

15

16

17

18

21
22
25
26
28
29
30
31
32
33
34
35
36
38
39
40
41
42
43
44
46
47
48
49
50

51

52

(for x being Element of E holds
implies A = B \/ C;

(for x being Element of E holds
implies A = B /\ C;

(for x being Element of E holds
implies A = B \ C;

(for x being Element of E holds
implies A = B \+\ C;

{} E = ([#] E) *;

(#1 E = ({} E) ;

AN/ A = [#]E;

A misses A°;

A \/ [#]E = [#]E;

(A \/ B)" A /\ B

(A /\B)" =A" \/ B;

A c= B iff B ¢c= A;

A\NB=A/\B;

(A \ B)' =A" \/ B;

(A\+\ B)" =A /\ B \/ A /\ B;
c= B' implies B c= A";
c= B implies B' c= A;

{}E;

c= A iff A = [#]E;

A
A
A c= A" iff A
A
X

c= A & X c= A" implies X = {};

in

in

in

in

(A \/ B)  c=A";

A’ c= (A /\ B);

A misses B iff A c= B’ ;

A misses B iff A c= B;

A misses B & A" misses B  implies A

A c=B & C misses B implies A c= C°;
(for a being Element of A holds a in
(for x being Element of E holds x in

E <> {} implies for A,B holds A = B"
for x being Element of E holds x in

E <> {} implies for A,B holds A = B"

for x being Element of E holds
E <> {} implies for A,B holds A

A iff x in B or x in C)

A iff x in B & x in C)

A iff x in B & not x in C)

A i1ff not(x in B iff x in C))

B ;

B) implies A c= B;
A) implies E = A;
iff
A iff not x in B;
iff

not x in A iff x in B;

B
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53 x

for

in

reserve

54 X
55
56
57
58
59
60
61
62 x

XXX X X X X

<>
<>
<>
<>
<>
<>
<>
<>

in

X being Element of E holds not(x in A iff x in B);

A° implies not x in A;

x1,x2,x3,x4,x5,x0,x7,x8 for Element of X;

{} implies
{} implies
{} implies
{} implies
{} implies
{} implies
{} implies

{} implies

{x1} is Subset of X;

{x1,x2} is Subset of X;

{x1,x2,x3} is Subset of X;

{x1,x2,x3,x4} is Subset of X;
{x1,x2,x3,x4,x5} 1is Subset of X;
{x1,x2,x3,x4,x5,x6} is Subset of X;
{x1,x2,x3,x4,x5,x6,x7} is Subset of X;
{x1,x2,x3,x4,x5,x6,x7,x8} is Subset of X;

X implies {x} is Subset of X;

scheme Subset Ex { A()-> set, P[set] }

ex X being Subset of A() st for x

holds x in X iff x in A() & P[x];

scheme Subset Eq {X() —-> set, P[set]}:

for X1,X2 being Subset of X () st

(for y being Element of X () holds y in X1 iff P[y]) &

(for y being Element of X () holds y in X2 iff P[y])

holds X1 = X2;

redefine pred X misses Y;
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B.10 FINSEQ 1

Segments of Natural Numbers and Finite Sequences

by Grzegorz Bancerek, and Krzysztof Hryniewiecki

reserve k,1,m,n, kl, k2 for Nat,
a,b,c for natural number,
X,v,2,v1,y2,X,Y for set,

f,g for Function;

def 1 func Seg n -> set equals { k : 1 <=k & k <=n };

redefine func Seg n -> Subset of NAT;

a in Seg b iff 1 <= a & a <= b;

Seg 0 = {}) & Segl = {11} & Seg 2 ={1,2 };
a =0 or a in Seg a;

a+l in Seg(a+l);

a <= b iff Seg a c= Seqg b;

Seg a = Seg b implies a = b;

O o J o U > W

c <= a implies

Seg ¢ = Seg ¢ /\ Seg a & Seg c = Seg a /\ Seg c;
10 (Seg ¢ = Seg ¢ /\ Seg a or Seg ¢ = Seg a /\ Seg c )
implies c <= a;

11 Seg a \/ { a+l } = Seg (a+l);

def 2 attr IT is FinSequence-like means ex n st dom IT = Seg
cluster FinSequence-like Function;
mode FinSequence is FinSequence-like Function;

reserve p,q,r,s,t for FinSequence;

cluster Seg n -> finite;

cluster FinSequence-like -> finite Function;

def 3 func Card p -> Nat means Seg it = dom p;
redefine func dom p -> Subset of NAT;

14 {} is FinSequence;

15 (ex k st dom f c= Seg k) implies ex p st f c= p;
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scheme SeqgEx{A()->Nat,P[set,set]}:
ex p st dom p = Seg A() & for k st k in Seg A() holds P[k,p.k]
provided
for k,yl,y2 st k in Seg A() & Pl[k,yl] & P[k,y2] holds yl=y2
and

for k st k in Seg A() ex x st Pl[k,x];

scheme Seqglambda{A()->Nat,F(set) -> set}:
ex p being FinSequence st len p = A() & for k st k in Seg A()
holds p.k=F (k) ;

16 z in p implies ex k st k in dom p & z=[k,p.k];

17 X = dom p & X = dom q & (for k st k in X holds p.k = g.k)
implies p=qg;

18 ( (len p = len qg) & for k st 1 <=k & k <= len p holds p.k=g.k )
implies p=qg;

19 pl (Seg a) is FinSequence;

20 rng p c= dom f implies f*p is FinSequence;

21 a <= len p & g = pl(Seg a) implies len g = a & dom g = Seg a;

def 4 mode FinSequence of D -> FinSequence means rng it c= D;

cluster {} -> FinSequence-like;

cluster FinSequence-like PartFunc of NAT,D;

redefine mode FinSequence of D -> FinSequence-like PartFunc of NAT,D;

reserve D for set;

23 for p being FinSequence of D holds p| (Seg a) is FinSequence of D;

24 for D being non empty set

ex p being FinSequence of D st len p = a;

cluster empty FinSequence;

25 len p = 0 iff p = {};

26 p={} iff dom p = {};

27 p={} iff rng p= {};

29 for D be set holds {} is FinSequence of D;

cluster empty FinSequence of D;

def 5 func <*x*> -> set equals { [1,x] };
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def 6 func <*>D -> empty FinSequence of D equals {};

32 p=<*>(D) iff len p = 0;

def 7 func p”qg -> FinSequence means
dom it = Seg (len p + len q) &
(for k st k in dom p holds it.k=p.k) &
(for k st k in dom g holds it. (len p + k) = g.k);

35 len(p”qg) = len p + len qg;

36 (len p + 1 <=k & k <= len p + len g) implies (p"q).k=qg. (k-len p);
37 len p < k & k <= len(p”qg) implies (p*qg).k = g.(k - len p);
38 k in dom (p”qg) implies

(k in dom p or (ex n st n in dom g & k=len p + n));

39 dom p c= dom(p"q);

40 x in dom g implies ex k st k=x & len p + k in dom(p"qg);

41 k in dom g implies len p + k in dom(p"q);

42 rng p c= rng(p"q);

43 rng q c= rng(p™q):;

44 rng(p”q) = rng p \/ rng g;

45 p"q"r = p~(q"r);

46 p®r = g*r or r*p = r*q implies p = qg;

47 p™{} = p & {}"p = p;

48 p~q = {} implies p={} & g={};

redefine func p”g -> FinSequence of D;

def 8 redefine func <*x*> -> Function means dom it = Seg 1 & it.l = x;
cluster <*x*> -> Function-like Relation-like;

cluster <*x*> -> FinSequence-like;

50 p*g 1s FinSequence of D implies

p 1s FinSequence of D & g is FinSequence of D;

def 9 func <*x,y*> -> set equals <*xX*>"<*y*>;

def 10 func <*x,y,z*> -> set equals <*AX*>NAy* > AIHgz*>;

cluster <*x,y*> -> Function-like Relation-like;
cluster <*x,y,z*> -> Function-like Relation-like;
cluster <*x,y*> -> FinSequence-like;

cluster <*x,y,z*> -> FinSequence-like;
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52 <*x*> = { [1,x] };

55 p=<*x*> iff dom p Seg 1 & rng p = {x};

56 p=<*x*> iff len p

1 & rng p = {x};
57 p = <*x*> iff lenp =1 & p.1 = x;
58 (<*x*>"p).1l = x;
59 (p"<*x*>). (len p + 1)=x;
60 <*x,y,z*>=<* x*>"<*y, z*¥> &
<ER, Y, 2*>=<* g, yA> <Rz x>;
6l p = <*x,y*> 1ff len p = 2 & p.1l=x & p.2=y;
62 p = <*x,y,z*> iff lenp =3 & p.1 = x & p.2 =y & p.3 = z;

63 p <> {} implies ex q,x st p=g"<*x*>;
redefine func <*x*> -> FinSequence of D;
scheme IndSeg{P[FinSequence] }:
for p holds P[p]

provided

P[{}] and

for p,x st P[p] holds P[p"<*x*>];

64 for p,q,r,s being FinSequence st p"q = r"s & len p <= len r

ex t being FinSequence st p"t = r;

def 11 func D* -> set means x in it iff x is FinSequence of D;

cluster D* -> non empty;

66 {} in D*;

scheme SepSeqg{D()->non empty set, P[FinSequence]}:

ex X st (for x holds x in X iff

ex p st (p in D()* & Pl[p] & x=p));

def 12 attr IT is FinSubsequence-like means ex k st dom IT c= Seg k;

cluster FinSubsequence-like Function;

mode FinSubsequence is FinSubsequence-like Function;

68 for p being FinSequence holds p is FinSubsequence;

69 plX is FinSubsequence & X|p is FinSubsequence;

reserve p' for FinSubsequence;
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def 13 given k such that X c= Seg k;
func Sgm X -> FinSequence of NAT means
rng it = X & for 1,m,kl,k2 st
(1 <=16&1<m&é&m<= lenit &

kl=it.l & k2=it.m) holds k1< k2;

71 rng Sgm dom p' = dom p';

def 14 func Seq p' -> Function equals p'* Sgm(dom p');

cluster Seqg p' -> FinSequence-like;

72 for X st ex k st X ¢c= Seg k holds Sgm X = {} iff X = {};

73 D is finite iff ex p st D = rng p;

cluster rng p -> finite;

74 Seg n,Seg m are equipotent implies n = m;

75 Seg n,n are_equipotent;

76 Card Seg n = Card n;

77 X is finite implies ex n st X,Seg n are equipotent;
78 for n being Nat holds

card Segn = n & card n = n & card Card n =n;
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B.11 FUNCT 2

Functions from a Set to a Set by Czeslaw Bylinski
reserve P,Q,X,Y,Y1,Y2,Z,p,x,x',x1,x2,y,y1l,y2,z for set;

def 1 attr R is quasi total means X = dom R if Y = {} implies X = {}

otherwise R = {};

cluster quasi_total Function-like Relation of X,Y;
cluster total -> quasi total PartFunc of X,Y;

mode Function of X,Y is quasi total Function-like Relation of X,Y;

3 for f being Function holds f is Function of dom £, rng f;
4 for f being Function st rng f c= Y holds f is Function of dom f, Y;
5 for f being Function st dom f = X & for x st x in X
holds f.x in Y holds f is Function of X,Y;
6 for f being Function of X,Y st Y <> {} & x in X holds f.x in rng f;
7 for f being Function of X,Y st Y <> {} & x in X holds f.x in Y;
8 for f being Function of X,Y st (Y = {} implies X = {}) & rng f c=2Z
holds f is Function of X, Z;
9 for f being Function of X,Y
st (Y = {} implies X = {}) & Y c= Z holds f is Function of X, Z;

scheme FuncEx1l{X, Y () -> set, P[set,set]}:
ex f being Function of X(),Y() st for x st x in X() holds P[x,f.x]
provided

for x st x in X() ex y st y in Y() & P[x,vy];

scheme Lambdal{X, Y () -> set, F(set)->set}:
ex f being Function of X(),Y() st for x st x in X() holds f.x = F(x)
provided

for x st x in X () holds F(x) in Y();

def 2 func Funcs(X,Y) -> set means

x in it iff ex f being Function st x = £ & domf = X & rng £ c= Y;

11 for f being Function of X,Y st Y = {} implies X = {}

holds f in Funcs (X,Y);
12 for f being Function of X,X holds f in Funcs (X,X);
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14 X <> {} implies Funcs(X,{}) = {};
16 for f being Function of X,Y
st Y <> {} & for vy st y in Y ex x st x inX & y = f.x
holds rng £ = Y;
17 for f being Function of X,Y st y in Y &
rng £ =Y ex x st x in X & f.x = y;
18 for fl1l,f2 being Function of X,Y
st for x st x in X holds fl.x

Il
Hh
N
X

holds f1 = £2;
19 for f being Function of X,Y for g being Function of Y,Z

st Y = {} implies Z = {} or X = {}

holds g*f is Function of X,Z;
20 for f being Function of X,Y for g being Function of Y,7Z

st Y <> {} & Z <> {} & rng £ =Y & rng g = Z holds rng(g*f) = Z;
21 for f being Function of X,Y, g being Function

st Y <> {} & x in X holds (g*f).x = g.(f.x);
22 for f being Function of X,Y st Y <> {} holds rng £ =Y iff

for Z st Z <> {} for g,h being Function of Y,Zst g*f = h*f

holds g = h;
23 for f being Function of X,Y

st ¥ = {} implies X = {} holds f*(id X) = £ & (idY)*f = £;
24 for f being Function of X,Y for g being Function of Y,X

st f*g = id Y holds rng f = Y;

25 for f being Function of X,Y st Y = {} implies X = {}

holds f is one-to-one iff

for x1,x2 st x1 in X & x2 in X & f.x1 = f.x2holds x1 = x2;

for f being Function of X,Y for g being Function ofY,Z

st (Z = {} implies Y = {}) & (Y = {}

implies X = {}) & g*f is one-to-one

holds f is one-to-one;
27 for f being Function of X,Y st X <> {} & Y <> {}

holds f is one-to-one iff

for Z for g,h being Function of Z,X st f*g = f*h holdsg = h;
28 for f being Function of X,Y for g being Function of Y,7Z

st Z <> {} & rng(g*f) = Z & g is one-to-oneholds rng f = Y;
29 for f being Function of X,Y for g being Function of Y,X

st Y <> {} & g*f = id X holds f is one-to-one& rng g = X;
30 for f being Function of X,Y for g being Function of Y,Z

st (Z = {} implies Y = {}) & g*f is one-to-one& rng f =Y

holds f is one-to-one & g is one-to-one;
31 for f being Function of X,Y st f is one-to-one & rng £ =Y

holds f" is Function of Y,X;
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32 for f being Function of X,Y

st Y <> {} & £ is one-to-one & x in Xholds (f").(f.x) = x;
34 for f being Function of X,Y for g being Function of Y,X

st X <> {} & Y <> {} & rng £ =Y & £ is one-to-one &

for y,x holds vy in Y & g.y = x iff x in X &f.x =y

holds g = £";
35 for f being Function of X,Y

st Y <> {} & rng £ =Y & £ is one-to-one

holds f"*f = id X & f£*f" = id Y;
36 for f being Function of X,Y for g being Function of Y,X

st X <> {} & Y <> {} & rng £ =Y & g*f = id X & £ is one-to-one

holds g = £";
37 for f being Function of X,Y st Y <> {}

& ex g being Function of Y,X st g*f = id X

holds f is one-to-one;
38 for f being Function of X,Y

st (Y = {} implies X = {}) & Z c= X holds fl|Zis Function of Z,Y;

40 for f being Function of X,Y st X c= Z holds f|Z = f;
41 for f being Function of X,Y st Y <> {} & x in X & f.x in

Z holds (Z|f).x = f.x;
42 for f being Function of X,Y st (Y = {} implies X = {}) & Y c=
Z holds z|f = £;
43 for f being Function of X,Y st Y <> {}

for y holds y in f£.:P iff ex x st x in X & x inP & y f.x;

44 for f being Function of X,Y holds f.:P c= Y;

redefine func f.:P -> Subset of Y;

45 for f being Function of X,Y st Y = {} implies X = {}
holds f£.:X = rng f;
46 for f being Function of X,Y
st Y <> {} for x holds x in f"Q iff x in X & f.x in Q;
47 for f being PartFunc of X,Y holds f"Q c= X;

redefine func f"Q -> Subset of X;

48 for f being Function of X,Y st Y = {} implies X = {}
holds f"Y = X;
49 for f being Function of X,Y
holds (for y st y in Y holds f"{y} <> {})iff rng £ = Y;
50 for f being Function of X,Y
st (Y = {} implies X = {}) & P c= X holds P c=f"(f.:P);
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51

53

54
55
56

58
59
60
61
62
63
64
65
66

for £ being Function of X,Y st Y = {} implies X = {}
holds f" (f.:X) = X;
for f being Function of X,Y for g being Function of Y,Z
st (Z = {} implies Y = {}) & (Y = {} implies X= {})
holds £"Q c= (g*f)"(g.:Q);
for £ being Function of {},Y holds dom £ = {} & rng £ = {};
for f being Function st dom f = {} holds f is Function of {},Y;
for f1 being Function of {},Yl for f2 being Function of {},Y2
holds f1 = £2;

for f being Function of {},Y holds f is one-to-one;

for being Function of {},Y holds f£.:P = {};
for being Function of {},Y holds f"Q = {};
for being Function of {x},Y st Y <> {} holds f.x in Y;

<> {} holds rng f = {f.x};

f
f
f
for £ being Function of {x},Y st Y
f being Function of {x},Y st Y <> {} holds f is one-to-one;
f Y
f

for
for being Function of {x},Y st <> {} holds f.:P c= {f.x};
for being Function of X,{y} st x in X holds f.x = y;

for f1,f2 being Function of X, {y} holds fl1 = f2;

redefine func g*f -> Function of X,X;

redefine func id X -> Function of X,X;

67
70
st
73

74
75

76

77

79
82

for f being Function of X,X holds dom f = X & rng f c= X;
for £ being Function of X,X, g being Function
x in X holds (g*f).x = g.(f.x);
for f,g being Function of X,X st rng f = X & rng g = X
holds rng(g*f) = X;
for f being Function of X,X holds f*(id X) = f & (id X)*f = f;
for f,g being Function of X,X st g*f = £ & rng £ = X
holds g = id X;

for f,g being Function of X,X st f*g = f & f is one-to-one
holds g = id X;
for f being Function of X,X holds f is one-to-one iff

for x1,x2 st x1 in X & x2 in X & f.x1 = f.x2holds x1 = x2;
for £ being Function of X,X holds f.:X = rng f;
for f being Function of X,X holds f" (f.:X) = X;

def 3 attr f is onto means rng f = Y;

def 4 attr f is bijective means f is one-to-one onto;

cluster bijective -> one-to-one onto Function of X,Y;

cluster one-to-one onto -> bijective Function of X,Y;
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cluster bijective Function of X,X;
mode Permutation of X is bijective Function of X, X;
83 for f being Function of X, X holds
f is Permutation of X iff f is one-to-one & rngf = X;
85 for f being Function of X,X st f is one-to-one holds
for x1,x2 st x1 in X & x2 in X & f.x1 = f.x2holds x1 = x2;
redefine func g*f -> Permutation of X;
redefine func id X -> Permutation of X;
redefine func f" -> Permutation of X;
86 for f,g being Permutation of X st g*f = g holds f = id X;
87 for f,g being Permutation of X st g*f = id X holds g = f";
88 for f being Permutation of X holds (f")*f =id X & f£*(f") = id
92 for f being Permutation of X st P c= X
holds f.:(f"P) = P & f"(f.:P) = P;
93 for f being Function of X,X st f is one-to-one
holds f£.:P = (f")"P & f"P = (f").:P;
reserve C,D,E for non empty set;
cluster quasi total -> total PartFunc of X,D;

redefine func g*f -> Function of X,7Z;

reserve c¢ for Element of C;

reserve d for Element of D;

redefine func f.c -> Element of D;

scheme FuncExD{C, D() -> non empty set, P[set,set]}:

ex f being Function of C(),D() st for x being Element of C{()
holds P[x, f.x]

provided

for x being Element of C() ex y being Element of D() st P[x,vy];

scheme LambdaD{C, D() -> non empty set,
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F(Element of C()) -> Element of
ex f being Function of C(),D()
for x being Element of C{()
113 for f1,f2 being Function of
for x being Element of X
116 for f being Function of C,D

holds d in f.:P iff ex c

holds f.x

D()}:

st

F(x);

X,Y st

holds fl.x f2.x holds f1

£2;
for d

st ¢ in P & d =f.c;

118 for fl1,f2 being Function of [:X,Y:],7Z
st for x,y st x in X & y in Y holds fl.[x,y]l= f2.[x,V]
holds f1 = £2;

119 for f being Function of [:X,Y:],Z2 st x in X & yv in Y & Z <> {}
holds f.[x,y] in Z;

scheme FuncEx2{X, Y, Z() -> set, P[set,set,set]}:

ex f being Function of [:X(),Y():],Z() st

for x,y st x in X() & y in Y() holds P[x,vy,f.[x,vy]]

provided

for x,y st x in X() & yv in Y() ex z st z in Z() & P[x,vy,z];

scheme Lambda2{X, Y, Z() -> set, F(set,set)->set}:

ex f being Function of [:X(),Y():1,Z()

st for x,y st x in X() & y in Y() holds f.[x,y] = F(x,Vy)

provided

for x,y st x in X() & y in Y() holds F(x,y) 1in Z();

120 for f1,f2 being Function of
holds fl.[c,d] = f2.[c,d]
scheme FuncEx2D{X, Y, Z()
ex f being Function of [:X(),Y ()
for x being Element of X({()
Plx,y,f.[x,v]]
provided
for x being Element of X()
ex z being Element of Z()
scheme Lambda2D{X, Y, Z()
F(Element of X(),Element of Y())
ex f being Function of [:X(),Y ()
st for x being Element of X{()

holds f.[x,y]=F(x,Y);

-> non empty

for y being

for y being

[:C,D:],E st for c,d
£2;

holds f1

set, P[set,set,set]}:

:1,2() st

Element of Y () holds

Element of Y ()

st P[x,y,z];

-> non empty set,

-> Element of Z () }:
:1,20()

for y being Element of Y ()
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121 for f being set st f in Funcs(X,Y) holds f is Function of X,Y;

scheme LambdalC{A, B() -> set, C[set], F(set)->set, G(set)->set}:
ex f being Function of A(),B() st

for x st x in A() holds

(C[x] implies f.x = F(x)) & (not C[x] implies f.x = G(x))
provided

for x st x in A() holds

(C[x] implies F(x) in B()) & (not C[x] implies G(x) in B());

123 for f being Function of {},Y holds f = {};

124 for f being Function of X,Y st f is one-to-one
holds f" is PartFunc of Y,X;

125 for f being Function of X,X st f is one-to-one
holds f" is PartFunc of X, X;

127 for f being Function of X,Y st Y = {}

£

128 for f being Function of X,X holds <:f,X,X:> = £f;

implies X = {} holds <:f,X,Y:>

130 for f being PartFunc of X,Y st dom f = X
holds f is Function of X,Y;
131 for f being PartFunc of X,Y st f is total
holds f is Function of X,Y;
132 for f being PartFunc of X,Y st (Y = {}
implies X = {}) & £ is Function of X,Y holdsf is total;
133 for f being Function of X,Y
st (Y = {} implies X = {}) holds <:£f,X,Y:> is total;
134 for f being Function of X,X holds <:f,X,X:> is total;
136 for f being PartFunc of X,Y st Y = {} implies X = {}
ex g being Function of X,Y st for x st x in dom £
holds g.x = f.x;
141 Funcs (X,Y) c= PFuncs(X,Y);
142 for f,g being Function of X,Y st (Y = {}

implies X {}) & £ tolerates g holds f =g;
143 for f,g being Function of X,X st f tolerates g holds f = g;
145 for f being PartFunc of X,Y for g being Function of X,Y

st Y = {} implies X = {}

holds f tolerates g iff for x st x in dom f holdsf.x = g.x;
146 for f being PartFunc of X,X for g being Function of X,X

holds f tolerates g iff for x st x in dom f holds f.x = g.x;
148 for f being PartFunc of X,Y st Y = {} implies X = {}

ex g being Function of X,Y st f tolerates g;

109



149 for f being PartFunc of X,X ex g being Function of X,X st
f tolerates g;
151 for f,g being PartFunc of X,Y for h being Function of X,Y
st (Y = {} implies X = {}) & f tolerates h & g tolerates h
holds f tolerates gy
152 for f,g being PartFunc of X,X for h being Function of X,X
st f tolerates h & g tolerates h holds ftolerates g;
154 for f,g being PartFunc of X,Y st (Y = {}
implies X = {}) & f tolerates g
ex h being Function of X,Y st f tolerates h &g tolerates h;
155 for f being PartFunc of X,Y for g being Function of X,Y
st (Y = {} implies X = {}) & f toleratesg
holds g in TotFuncs f;
156 for f being PartFunc of X,X for g being Function of X,X
st f tolerates g holds g in TotFuncs f;
158 for f being PartFunc of X,Y for g being set
st g in TotFuncs(f) holds g is Function of X,Y;
159 for f being PartFunc of X,Y holds TotFuncs f c= Funcs(X,Y);
160 TotFuncs <:{},X,Y:> = Funcs (X,Y);
161 for f being Function of X,Y st Y = {} implies X = {}
holds TotFuncs <:f,X,Y:> = {f};
162 for f being Function of X,X holds TotFuncs <:f,X,X:> = {f};
164 for f being PartFunc of X, {y} for g being Function of X, {y}
holds TotFuncs £ = {g};
165 for f,g being PartFunc of X,Y
st g c= f holds TotFuncs f c= TotFuncs g;
166 for f,g being PartFunc of X,Y
st dom g c= dom f & TotFuncs f c= TotFuncs g holds g c= f;
167 for f,g being PartFunc of X,Y
st TotFuncs f c= TotFuncs g & (for y holdsY <> {y})
holds g c= £;
168 for f,g being PartFunc of X,Y
st (for y holds Y <> {y}) & TotFuncs f =TotFuncs g holds f = g;
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B.12 SQUARE _1

Some Properties of Real Numbers Operations, by Andrzej Trybulec and
Czeslaw Bylinski

reserve a,b,c,x,y,z for real number;

2 1 < x implies 1/x < 1;

5 2*a = at+ a;

6 a= (a-x)+x;

8 x - y=0 implies x Vi

11 x < vy implies 0 < y - x;
12 x < y implies 0 <=y - x;
15 (x + x) /2 = x;

16 1/(1/x) =x;

17 x/(y*z) =x/y/z;

18 x*(y/z) = (x*y)/z;

19 0 <= x & 0 <= y implies 0 <= x*y;
20 x <= 0 & y <= 0 implies 0 <= x*y;
21 0 < x & 0 < y implies 0 < x*y;

22 <0 &y < 0 implies 0 < x*y;

23
24

<= x & y <= 0 implies x*y <= 0;

< X & y < 0 implies x*y < 0;

26
27
29

x
0
0
25 0 <= x*y implies 0 <= x & 0 <= y or x <= 0 & y <=0;
0 < x*y implies 0 < x & 0 < y or x < 0 & y <0;
0 <= a & 0 <= b implies 0 <= a/b;

0

< x implies y - x < y;

scheme RealContinuity { P[set], Ql[set] 1}
ex z st
for x,y st P[x] & Q[y] holds x <=z & z <=y
provided

for x,y st P[x] & Ql[y] holds x <= y;

def 1 func min(x,y) -> real number equals x if x <= y otherwise y;

def 2 func max(x,y) —-> real number equals x if y <= x otherwise y;

34 min(x,y) = (x + y - abs(x - vy)) / 2;
35 min(x,y) <= x;

38 min(x,y) = x or min(x,y) = Vy;

39 x <=y & x <= z iff x <= min(y, z);

40 min(x,min(y,z)) = min(min(x,y),z);
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45 max (x,y) = (x + y + abs(x-y)) / 2;
46 x <= max(x,y);

49 max(x,y) = x or max(x,y) = Vy;

50 vy <= x & z <= x iff max(y,z) <= x;
51 max (x,max(y,z)) = max(max(x,vy),z);

53 min(x,y) + max(x,y) =x + y;

54 max (x,min(x,y)) = x;
55 min(x,max (x,vy)) = %X;
56 min(x,max(y,z)) = max(min(x,y),min(x,z));
57 max (x,min(y,z)) = min(max(x,y),max(x,z));

def 3 func x"2 equals x*x;

59 172 = 1;

60 0"2 = 0;

61 a”2 = (-a)"2;

62 (abs(a))”2 = a”2;

63 (a + b)"2 = a2 + 2*a*b + b"2;
64 (a - b)"2 ar2 - 2*a*b + b"2;
65 (a + 1)%2 = a”2 + 2*a + 1;

66 (a - 1)"2 = a2 - 2*%a + 1;

67 (a - b)*(a + b) = a2 - b*"2 & (a + b)*(a - b) = a*2 - b"2;
68 (a*b) "2 = a"2*b"2;
69 (a/b)"2 = a*2/b"2;

(a-b)/ (a”2-b"2);
(a+b) / (a™2-b"2);

70 a*2-b”2 <> 0 implies 1/ (a+b)
71 a”2-b"2 <> 0 implies 1/ (a-b)
72 0 <= a™2;

73 a2 = 0 implies a = 0;
74
75

<> a implies 0 < a"2;

< a &a<1limplies a2 < a;

77

0
0
76 1 < a implies a < a”"2;
0 <= x & x <= y implies x"2 <= y"2;
0

78 <= x & x <y implies x"2 < y*2;

def 4 func sgrt a -> real number means 0 <= it & it"2 = a;

82 sqgrt 0 = 0;
83 sgrt 1 = 1;
84 1 < sqgrt 2;
85 sgrt 4 = 2;
86 sgrt 2 < 2;

89 0 <= a implies sqgrt a2 = a;
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90 a <=

91
92
93
94
95
96
97
98
99
100
101
102
103
104

105

106

107

108

sgrt

<=

0 implies sqgrt a2 = -a;
a”2 = abs(a);
a & sqrt a = 0 implies a = 0;

< a implies 0 < sqgrt a;

O O O o o o O o
A
Il

<
<
<
<

o O o O o

X & x <= y implies sqrt x <= sqgrt y;

x & x < y implies sqgrt x < sqgrt y;

x & 0 <=y & sgrt x = sqrt y implies x = y;

a & 0 <= b implies sgrt (a*b) = sqrt a * sgrt b;
a*b implies sgrt (a*b) = sqrt abs(a)*sqgrt abs(b);

a & 0 <= b implies sqgrt (a/b) = sqrt a/sqgrt b;

a/b implies sqgrt (a/b) = sqgrt abs(a) / sqgrt abs(b);
a implies sqrt (1/a) = 1/sqgrt a;

a implies sqrt a/a = 1/sqgrt a;

a implies a /sqrt a = sqrt a;

<=a & 0 <=D

implies (sqrt a - sgrt b)*(sgrt a + sqrt b)= a - b;

0 <=a & 0 <=Db & a <>b

implies 1/ (sgrt a+sgrt b)

0 <=

(sgqrt a - sqgrt b)/(a-b);

b & b < a

implies 1/ (sgrt a+sgrt b) = (sqgrt a - sqgrt b)/(a-b);

0 <=a & 0<=b & a<>hb

implies 1/ (sgrt a-sqgrt b) = (sgrt a + sqgrt b)/(a-b);

0 <=

implies 1/ (sgqrt a-sqgrt b)

b & b < a

(sgrt a + sgrt b)/(a-b);
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B.13 REAL 2

Equalities and Inequalities in Real Numbers. Continuation of Real 1

byAndrzej Kondracki
reserve a,b,d,e for real number;
1 b-a=b implies a=0;

2 a+-b=0 or -a=-b or a-e=b-e or a-e=b+-e

or e-a=e-b or e-a=e+-b implies a=b;

5 -a-b=-b-a;

6 -(atb)=-at-b & -(atb)=-b-a;

8 - (a-b)=-atb;

9 -(-atb)=a-b & -(-atb)=a+-b;

10 atb=-(-a-b) & atb=-(-a+-b) & atb=a--b;

11 a=a+b+-b;
12 b=a-(a-b);
13 atb=e+d implies a-e=d-Db;
14 a-e=d-b implies atb=e+d;
15 a-b=e-d implies a-e=b-d;
16 atb=e-d implies atd=e-Db;
17 a=a+(b-b) & a=a+(b+-b) & a=a-(b-b) & a=a-(b+-b) & a=-b-(-a-b);
18 a-(b-e)=a+t(e-b);
20 a+ (-b-e)=a-b-e & a-(-b-e)=a+b+e;
22 atb-e=a-e+b & atb-e=-e+a+b;
23 a-bte=e-b+ta & a-bte=-bte+ta;
24 a-b-e=a-e-b & a-b-e=-b-eta & a-b-e=-et+a-b & a-b-e=-e-b+ta;
25 -atb-e=-etb-a & -atb-e=-e-a+tb;
26 —a-b-e=-a-e-b & -a-b-e=-b-e-a & -a-b-e=-e-a-b & -a-b-e=-e-b-a;
27 -(atbte)=-a-b-e & -(atb-e)=-a-bte & -(a-b+te)=-atb-e
& —(-atbte)=a-b-e & -(a-b-e)=-atbte & -(-atb-e)=a-b+te
& —(-a-bt+e)=a+tb-e & -(-a-b-e)=a+b+te;
28 ate=(atb)+ (e-b) & ate=(a+b)-(b-e);
29 a-e=(a-b)-(e-b) & a-e=(a-b)+(b-e) & a-e=(a+tb)-(e+b);
30 b<>0 implies (a/b=1 or a*b"=1 implies a=Db);
31 e<>0 & a/e=b/e implies a=b;
33 a"=b" or 1/a=1/b or 1/a=b" implies a=b;
34 b<>0 & a/b=-1 implies a=-b & b=-a;
35 a*b=1 implies a=1/b & a=b"
36 b<>0 implies (a=1/b or a=b" implies a*b=1 & a"=b& b=1l/a);
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37
38
39
40
41
42
45
46
47
48
49
50
51
53
55

56
57
58
61
62

63
64
65
66
67
70
71
74
75
76
77
78
79
80
82
83
85
88
89
90

b<>0 & a*b=b implies a=1;

b<>0 & a*b=-b implies a=-1;

a<>0 & b<>0 & b/a=b implies a=1;
a<>0 & b<>0 & b/a=-b implies a=-1;

a<>0 implies 1/a<>0;

a<>0 & b<>0 implies a*b"<>0 & a/b<>0& a"*b"<>0 & 1/ (a*b)<>0;

(-a)"=-a" & (a<>0 implies (-a)/a=-1 & a/(-a)=-1);

a<>0 implies (a=a" or a=1/a implies a=1 or a=-1);

(a*b") "=a"*b & (a"*b") "=a*b;

1/ (a/b)=b/a & (a/b)"=b/a;

(-a)*(-b)=a*b & -a*(-b)=a*b & -(-a)*b=a*b;
b<>0 implies (a/b=0 iff a=0);

(1/a)*(1/b)=1/(a*b);
(a/e)*(b/d)=(a/d)*(b/e);
e<>0 implies a/b=(a/e)/ (b/e)

& a/b=a/(b*e)*e & a/b=e*(a/e/b) & a/b=a/e*(e/b);

a*(1/b)=a/b;
a/ (1/b)=a*b;
-a/(-b)=a/b & -(-a)/b =a/b & (-a)/(-b)=a/b &

(-a) /b=a/ (-b);

a/ (b/e)=a*(e/b) & a/(b/e)=e/b*a & a/(b/e)=e*(a/b) & a/(b/e)=a/b*e;

b<>0 implies a=a* (b/b) & a=a*b/b & a=a*b* (1/b)

& a=a/(b/b) & a=a/(b*(1l/b)) & a=a*(1l/b*b)& a=a*(1l/b) *b;

for a,b ex e st a=b-e;
for a,b st a<>0 & b <>0 ex e st a=b/e;

b<>0 implies a/b+e=(atb*e)/b;

b<>0 implies a/b-e=(a-e*b)/b & e-a/b=(e*b-a)/b;
a/b/e=a/e/b & a/b/e=1/b*(a/e) & a/b/e=1/e* (a/b)

(a*b) / (e*d)=(a/e*b) /d;

& 1/e*(a/b)=a/ (b*e);

(-1)*a=-a & (-a)*(-1l)=a & -a=a/(-1) & a=(-a)/(-1);

a<>0 & e<>0 & a=b/e implies e=b/a;
e<>0 & d<>0 & a*e=b*d implies a/d=b/e;
e<>0 & d<>0 & a/d=b/e implies a*e=b*d;
e<>0 & d<>0 & a*e=b/d implies a*d=b/e;
b<>0 implies a*e=a*b (e/b);

b<>0 & e<>0 implies a*e=a*b/ (b/e);

a/b*e=e/b*a & a/b*e=1/b*a*e & a/b*e=1/b*e*a;

b<>0 & d<>0 & b<>d & a/b=e/d implies a/b=(a-e)/ (b-d);

b<>0 & d<>0 & b<>-d & a/b=e/d impliesa/b=(a+te)/ (b+d);

(a=b) *e=(b-a) * (-e) & (a-b) *e=-(b-a) *e;
3*a=at+tata & 4*a=atata+ta;
(atata)/3=a & (atata+ta)/4=a & (a+ta)/4=a/2;

a/4+a/4+a/4+a/4d=a;
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101
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109
110
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121
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132
133
134
135

a/(2*b)+a/(2*b)=a/b & a/(3*b)+a/ (3*b)+a/ (3*b)=a/b;
e<>0 implies at+b=e* (a/e+b/e);
e<>0 implies a-b=e* (a/e-b/e);
e<>0 implies a+b=(a*e+b*e)/e;
e<>0 implies a-b=(a*e-b*e)/e;
a<>0 implies at+b=a* (1+b/a);
a<>0 implies a-b=a*(1-b/a);
(a-b) * (e-d)=(b-a) * (d-e) ;
(atbte) *d=a*d+b*d+e*d & (atb-e)*d=a*d+b*d-e*d
& (a-bte)*d=a*d-b*d+e*d & (a-b-e)*d=a*d-b*d-e*d;
(atb+te) /d=a/d+b/d+e/d & (atb-e)/d=a/d+b/d-e/d
& (a-b+e)/d=a/d-b/d+e/d & (a-b-e)/d=a/d-b/d-e/d;
(a+b) * (e+d) =a*et+a*d+b*e+b*d & (atb)* (e-d)=a*e-a*d+b*e-b*d
& (a-b)* (etd)=a*et+ta*d-b*e-b*d & (a-b)*(e-d)=a*e-a*d-b*e+b*d;
(a+-b<=0 or b-a>=0 or b+-a>=0
or a-e<=bt-e or at-e<=b-e or e-a>=e-b) impliesa<=b;
(a+-b<0 or b-a>0 or -a+b>0
or a-e<bt-e or at-e<b-e or e-a>e-b) impliesa<b;
a<=-b implies atb<=0 & -a>=b;
a<-b implies a+b<0 & -a>b;
-a<=b implies atb>=0;
-b<a implies a+b>0;
b>0 implies (a/b>1 implies a>b) & (a/b<l implies a<b)
& (a/b>-1 implies a>-b & b>-a) & (a/b<-limplies a<-b & b<-a);
b>0 implies (a/b>=1 implies a>=b) & (a/b<=1 impliesa<=b)
& (a/b>=-1 implies a>=-b & b>=-a) &(a/b<=-1 implies a<=-b & b<=-a);
b<0 implies (a/b>1 implies a<b) & (a/b<l implies a>b)
& (a/b>-1 implies a<-b & b<-a) & (a/b<-limplies a>-b & b>-a);
b<0 implies (a/b>=1 implies a<=b) & (a/b<=1 impliesa>=Db)
& (a/b>=-1 implies a<=-b & b<=-a) &(a/b<=-1 implies a>=-b & b>=-a);
a>=0 & b>=0 or a<=0 & b<=0 implies a*b>=0;
a<0 & b<0 or a>0 & b>0 implies a*b>0;
a>=0 & b<=0 or a<=0 & b>=0 implies a*b<=0;
a<=0 & b<0 or a>=0 & b>0 implies a/b>=0;
a>=0 & b<0 or a<=0 & b>0 implies a/b<=0;
a>0 & b>0 or a<0 & b<0 implies a/b>0;
a<0 & b>0 implies a/b<0 & b/a<o0;
a*b<=0 implies a>=0 & b<=0 or a<=0 & b>=0;
a*b<0 implies a>0 & b<0 or a<0 & b>0;
b<>0 & a/b<=0 implies b>0 & a<=0 or b<0 &a>=0;
b<>0 & a/b>=0 implies b>0 & a>=0 or b<0 &a<=0;

b<>0 & a/b<0 implies b<0 & a>0 or b>0 &a<0;
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136 b<>0 & a/b>0 implies b>0 & a>0 or b<0 &a<0;

137 a>=1 & b>=1 or a<=-1 & b<=-1 implies a*b>=1;

138 a>=1 & b>=1 or a<=-1 & b<=-1 implies a*b>=1;

139 0<=a & a<l & 0<=b & b<=1l or 0>=a & a>-1& 0>=b & b>=-1
implies a*b<l;

140 0<=a & a<=1] & 0<=b & b<=l or 0>=a & a>=-1 & 0>=b & b>=-1
implies a*b<=1;

142 0<a & a<b or b<a & a<0 implies a/b<l & b/a>1;

143 0<a & a<=b or b<=a & a<0 implies a/b<=1 &b/a>=1;

144 a>0 & b>1 or a<0 & b<l implies a*b>a;

145 a>0 & b<l or a<0 & b>1 implies a*b<a;

146 a>=0 & b>=1 or a<=0 & b<=1l implies a*b>=a;

147 a>=0 & b<=1l or a<=0 & b>=1 implies a*b<=a;

149 a<0 implies 1/a<0 & a"<0;

150 (1/a<0 implies a<0) & (1/a>0 implies a>0);

151 (0<a or b<0) & a<b implies 1/a>1/b;

152 (0<a or b<0) & a<=b implies 1/a>=1/b;

153 a<0 & b>0 implies 1/a<1/b;

154 (1/b>0 or 1/a<0) & 1/a>1/b implies a<b;

155 (1/b>0 or 1/a<0) & 1/a>=1/b implies a<=b;

156 1/a<0 & 1/b>0 implies a<b;

157 a<-1 implies 1/a>-1;

158 a<=-1 implies 1/a>=-1;

164 1<=a implies 1/a<=1;

165 (b<=e-a implies a<=e-b) & (b>=e-a implies a>=e-Db);

167 atb<e+d implies a-e<d-b;

168 atb<e+d implies a-e<d-b;

169 a-b<e-d implies atd<et+b & a-e<b-d & e-a<d-b &b-a<d-e;

170 a-b<e-d implies atd<et+b & a-e<b-d & e-a<d-b &b-a<d-e;

171 (atb<e-d implies a+d<e-b) & (atb<e-d implies a+d<e-b);

173 (a<0 implies atb<b & b-a<b) & (atb<b or b-a<bimplies a<0);

174 (a<=0 implies atb<=b & b-a>=b) & (atb<=b or b-a>=b implies a<=0);

177 (b>0 & a*b<=e implies a<=e/b) & (b<0 & a*b<=eimplies a>=e/b) &
(b>0 & a*b>=e implies a>=e/b) & (b<0& a*b>=e implies a<=e/b);

178 (b>0 & a*b<e implies a<e/b) & (b<0 & a*b<eimplies a>e/b) &
(b>0 & a*b>e implies a>e/b) & (b<0& a*b>e implies a<e/b);

181 (for a st a>0 holds b+a>=e)

or (for a st a<0 holds b-a>=e) impliesb>=e;
182 (for a st a>0 holds b-a<=e)
or (for a st a<0 holds bta<=e) impliesb<=e;
183 (for a st a>1 holds b*a>=e)

or (for a st 0<a & a<l holds b/a>=e)implies b>=e;
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184

185
186
187
188
193

194

197

198
199
200

201
202
203
204

(for a st 0<a & a<l holds b*a<=e)
or (for a st a>1 holds b/a<=e) impliesb<=e;
(b>0 & d>0 or b<0 & d<0) & a*d<e*b impliesa/b<e/d;
(b>0 & d<0 or b<0 & d>0) & a*d<e*b impliesa/b>e/d;
(b>0 & d>0 or b<0 & d<0) & a*d<=e*b impliesa/b<=e/d;
(b>0 & d<0 or b<0 & d>0) & a*d<=e*b impliesa/b>=e/d;
b<0 & d<0 or b>0 & d>0 implies
(a*b<e/d implies a*d<e/b) & (a*b>e/dimplies a*d>e/b);
b<0 & d>0 or b>0 & d<0 implies
(a*b<e/d implies a*d>e/b) & (a*b>e/dimplies a*d<e/b);
(0<a or 0<=a) & (a<b or a<=b) & (0<e or 0<=e)& e<=d
implies a*e<=b*d;
0>=a & a>=b & 0>=e & e>=d implies a*e<=b*d;
0<a & a<=b & 0<e & e<d or 0>a & a>=b& 0>e & e>d implies a*e<b*d;
(e>0 & a>0 & a<b implies e/a>e/b) &
(e>0 & b<0 & a<b implies e/a>e/b);
e>=0 & (a>0 or b<0) & a<=b implies e/a>=e/b;
e<0 & (a>0 or b<0) & a<b implies e/a<e/b;
e<=0 & (a>0 or b<0) & a<=b implies e/a<=e/b;
for X,Y being Subset of REAL st
X<>{} & Y<>{} & for a,b st a inX & b in Y holds a<=b
holds ex d st (for a st a in X holds a<=d) &for b st b in Y
holds d<=b;
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Appendix C

C.1 Mizar Society E#& %
C.1.1 Mizar Society

Association of Mizar Users
University of Bialystok
Institute of Mathematics
ul. Akademicka 2

15-267 Bialystok, Poland

Fax: +48-85-745-75-45
E-mail: mus@mizar.uwb.edu.pl

WWW: http://mizar.org/

C.1.2 Mizar Society Nagano Circle

B {57 5 380-8553

R IR R B A B 4-17-1
BINKF LA L
15 0 S P P AT ST N

Mizar Society Nagano Circle

Fax: (026)269-5495

E-mail: kiso@cs.shinshu-u.ac.ip
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C.2 ftp [Z&SD Mizar D AFiE

Mizar 1%, LLFIORT HARSLKR—F 2 RO fip ¥—/3>5 anonymous fip (21K W AF9
HIENTEET

Japan:
ftp://markun.cs.shinshu-u.ac.jp/pub/mizar/

ftp://nicosia.is.s.u-tokyo.ac.jp/pub/misc/pcmizar/

Poland:
ftp://ftp.mizar.org/
ftp://mizar.uwb.edu.pl/pub/system/

ftp://sunsite.icm.edu.pl/pub/mizar/
Mizar D 7 7 A V4 1%

MS-DOS iR Tix mizar-X Y-win32.exe

Linux iR CTiX mizar-X Y-linux.tar

Lo TWT, X I Mizar Y7 b T ON—Va &R L, YIEIMML OR—Y 3>
ZRLTWET. ZE2EX 26112, Y 733.33.722 TH D

mizar-6.1.12 3.33.722-win32.exe

X Mizar @ Version 6.1.12, MML @ Version 3.33.722 CT& 5 MS-DOS fRD 7 7 A MiZ72 D
9. 728, MS-DOSHLD 7 7 A /Wit HCMEE T 7 A W72 > Tk,

C.3 413—vbDERFIEE

Wk Eos7-MIZZ7 7 AL, VOCZ7 7 A/, BIBZ 7 A 17xE%, A—LIZHT LT
EVFET. TXANOFEFASTTHE, 8bit —> Tbit OEHL TR EAL AU 5 Al HefkEn
b ET. 22T, Bz,

Type: audio/x-mpeg

Encoding: base64
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REDIREZ LTED, HDOLWIEENG Z—RIREREXD 7 7 A /Ll 21X PKZIP,
ARJ, RAR, TAR, GZIP 72 &) IZEME L, A—/VICIHAF L TED LV TL X 9. XEHk
IXMIZAR 74 77 U EBR

mml@mizar.uwb.edu.pl

<.

C.4 WWW Homepage

Mizar O7R—2.5~3—Y URL %, http://mizar.org/ CT7.

Z ZITiE, abstract 7 7 A LS himl TG TR THE RSN TWET. £22 2 Tibi
TWHHERENCE ZCERINED), Vo 72lln 2 TEETOT, KEEHEF
T

FLINEDIT =R, BROEINKRFERN FTHOT NAR—=EHRFREIZH Y
£7.

T =P
http://mizar.uwb.edu.pl/

(University of Bialystok, Bialystok, Poland)

http://www.cs.ualberta.ca/~piotr/Mizar/mirror/http/

(University of Alberta, Edmonton, Canada)

http://markun.cs.shinshu-u.ac.jp/Mirror/mizar/htdocs/

(Shinshu University, Nagano, Japan)

C.5 Formalized Mathematics

Mizar article 73 accept S415 &, FFEOGH LI H BN X4 C, Formalized
Mathematics [IZH#l SV ET. ZAUTFEIZEE], ULy URFE 7 UA A =27 5k
LV FITENTWET. 1998 FKBIE, & TERITSINTEY, I Mizar 74
T I VIIREIN TN D, TXTO article NRFEOFH L E LTI TONET.

Formalized Mathematics (22 & £ L CliL FatiZBRIWE DL ZE 0.
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Fondation for Information Technology
Logic and Mathematics

Krochmalna 3/917

00-864 Warsaw

Poland

Fax: +48 (85) 745.74.78

E-mail: romat@mizar.org

Formalized Mathematics ® 1E 24 Fi:

Formalized Mathematics,
Edited by Warsaw University-Bialystok Branch,
Roman Matuszewaki.

ISSN 1426-2630.
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HEME

ZOFEARE, A 199249 H S BICEMNRFTHEELICNEZ S &I, EiL, |
th, A UE RPINE, RELZLDOTT.

WIFOD Mizar (33— 3 329128 & SWENET, —#HiX Mizar N—2 3 > 4.09 %
HEIHETLTHY £ L.

AEONKIE, Mizar N—T 3 52124 BFZ L TWDHBETIR, 73— 3 2 5.3.06
EHEIZLTVD ZFIIRAE R T 20024 6 HBIIEORHIN—Ya v ThoHh N \—Va v
6.1 12 ITHED S WETIR & 72> TWE T

Mizar (ZHBEZN—T a2 U T v 7 ENETOTI TR ES0.
EH

S5 X Hk

[1] Ewa Bonarska (Olgierd Wojtasiewicz # R, Roman Matuszewski #m£) ,
An Introduction to PC Mizar, Fondation Philippe le Hodey, 1990
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5|

/\, 13
N, 13

ABSTR, 58
ABSTRact, 58
abstract file, 17
ACCOM, 59
accommodate, 59
and, 26

Any, 39

article, 3,9
assume, 20, 27
attribute, 48

be, 41

begin, 9

c=, 41

case, 31, 32
cases, 31, 32
CHECKVOC, 44
CHKLAB, 62

cluster, 48, 50
consider, 29
contradiction, 22

def, 15
definition, 17
DICT, 57

end, 19
environ, 9
equals, 47
ERRFLAG, 60
ex, 29
existence, 46
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FINDVOC, 10

for, 24

Formalized Mathematics, 64, 122
functor, 5, 45

given, 30

hence, 16, 19

hereby, 36
HIDDEN.ABS, 5
HIDDEN.VOC, 11, 43
holds, 24

iff, 6, 23
implies, 6
in, 13, 14
INACC, 62
IRRTHS, 63
IRRVOC, 63

let, 25
Linux i, 7, 53, 55, 58, 120
LISTVOC, 10

MIZ2ABS, 64
MIZ2PREL, 64

Mizar Society, 3

Mizar Ei% 3,5
Mizar F = v J7—, 59
Mizar 72 =7 b, 3
MIZF, 60

mode, 39

MS-DOS i, 7, 53, 54, 57, 58, 120

Nat, 39
not, 5
now, 23



or, 5 2 A |, 18, 60
&4 445, 30

per, 32
predicate, 5, 44 WRFEFMEE, 5,6
PREL, 57, 58 RERHDO A7 v k2, 22
proof, 19 AIERH DR, 14
proof ~ end, 16 REPAAED, 46, 48
Real, 39, 67 EWEL T, 6, 24
reconsider, 40
RELPREM, 61 FAERL 7, 6, 29, 35
reserve, 47

EFE, 43
set, 13, 39, 40
st, 25 [FIfIE, 6, 23
such that, 26

e 31
take, 29, 34 HHLE, 21
TARSKI, 5, 42
terminology, 67 AARER, 9,15
TEXT, 57
then, 16 BSENENE, 44
theorem, 17
thesis, 20 TGS, 5,73
thus, 16, 19
TRIVDEMO, 62 7 ~)b, 15,32, 33
uniqueness, 46 PR, 6

vocabulary file, 5, 10, 43
VERIFIER, 59

S HES, 15, 16

F 7V =7 MNMEREEE, 40
[ JE A 1, 40

PEAE ST, 53

ﬂiﬁ%{s 20

RIEFRIE, 3, 10
EREEES, 9, 10
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